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Abstract

We are interested in designing efficient data struc-
tures for a shared memory multiprocessor. In this
paper we focus on the union-find data structure.
Our machine model is asynchronous and allows
stopping faults. Thus we require our solutions
to the data structure problem have the wait-free
property, meaning that each thread continues to
make progress on its operations, independent of the
speeds of the other threads. In this model effi-
ciency is best measured in terms of the total num-
ber of instructions used to perform a sequence of
data structure operations, the work performed by
the processors. We give a wait-free implementation
of an efficient algorithm for union-find. In addition
we show that the worst case performance of the al-
gorithm can be improved by simulating a synchro-
nized algorithm, or by simulating a larger machine if
the data structure requests support sufficient paral-
lelism. Our solutions apply to a much more general
adversary model than has been considered by other
authors.

1 Imntroduction

In this paper we study the problem of designing ef-
ficient parallel data structures for a shared memory
multiprocessor. We are interested in the amortized
complexity of a series of data structure operations.
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For a p processor machine, we make the assump-
tion that there are always at least p data structure
requests that we can execute simultaneously. The
specific case that we look is the union-find problem,
where we maintain a collection of disjoint sets, and
support the operations of merging subsets and test-
ing if pairs of elements are in the same subset. Our
solutions apply to a much more general adversary
model than has been considered by other authors.

1.1 Motivation

The type of parallel machine that motivates our
work is the shared memory multiprocessor. Ma-
chines of this type generally have a modest num-
ber of independent processors that communicate
through a shared global memory. The operating
system provides the user with a set of threads!
which are executed by the processors. The threads
are time-shared amongst the processors, so at a
given time only a subset of the threads are being
executed. When a thread is being executed it is
subject to additional delays such as interrupts and
page faults. The user’s view of this is that he has a
set of processors available, which run at highly vari-
able rates. An algorithm designer attempts to find
an algorithm that efficiently takes advantage of the
computer time that is made available to the user.

An important aspect of this type of machine is
that it is asynchronous. The asynchrony arises at
both the hardware and the software levels. At the
hardware level, asynchrony is caused by factors such
variable delay for bus access, and different costs
for accessing cache versus global memory. At the
software level, the asynchrony arises from interrup-
tions such as page faults, and from threads being
swapped out so that other threads may be run.
The delays due to software are potentially much

1We use the term thread in contrast to process to empha-
size that a user's threads have access to a shared address
space.
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longer, and exert a stronger influence on our ab-
stract model.

On this type of machine, it is expensive to have
the threads synchronize. In particular, it is not
practical to synchronize after every instruction to
simulate a synchronized machine. To avoid syn-
chronization overhead, it is often desirable to have
the threads as independent as possible. A natural
approach in designing algorithms for a shared mem-
ory multiprocessor is to have each thread execute a
separate data structure request. When this is done,
some method is needed to arbitrate over access to
shared data structures. One way that this is com-
monly done is to use locks to give threads exclusive
access to particular portions of the data. However,
in this asynchronous domain locks can cause severe
problems, since after a thread sets a lock, it may be
delayed indefinitely, while all of the other threads
wait at the lock.

1.2 Approach

In this work we want to use a simple model, that
can capture the complexities of an asynchronous en-
vironment where it is not unusual for threads to
suffer long delays. A key notion, which we borrow
from the field of distributed computing, is a wait-
free implementation of a data structure. A data
structure is wait-free if any thread is guaranteed to
complete an operation in a finite number of steps,
independent of the processing speeds of the other
processors. By requiring that our data structures
be wait-free, we rule out the use of locks. The main
thrust of research on wait-free objects has been to
relate the powers of various primitives. 1t has been
shown that there are some primitives, referred to as
being universal, which are sufficiently powerful that
they may be used to implement any wait-free data
structure [Her88]. We include a universal primitive
in our model.

In this paper, we are interested in measuring the
performance of data structure operations as well as
guaranteeing that they have wait-free implementa-
tions. We consider the cost of executing a series of
data structure requests. This means that we want
to measure the amortized cost of the sequence. We
measure the cost of an algorithm by the amount of
work that it performs. The work is defined to be
sum of the active times of the threads. This mea-
sure gives us a convenient comparison with a se-
quential algorithm, since we can compare the work
with p threads with the work with only one thread.
(See section 3.1 explains why this is the most ap-
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propriate measure for this model.)

A major difference between this work and many
recent papers on parallel computation is that we are
motivated by parallel machines with a small number
of processors, as opposed to considering massively
parallel machines. This means that we shall gener-
ally assume that the size of the problem is substan-
tially larger than the number of processors. We will
be considering performing a set of n data structure
operations using p threads. We give our results pa-
rameterized in terms of both n and p. We are more
interested in getting good results when n is sub-
stantially larger than p, than in maintaining good
performance as p gets close to n.

1.3 Outline

In section 2, we survey related work, discussing
work on wait-free objects, models of asynchronous
computation, and parallel data structures. In sec-
tion 3 we introduce our model and discuss our
choice of primitives and the adversary used for
worst case bounds. Section 4 gives our wait-free so-
lution to the union—find problem and analyzes the
algorithm’s run time. Section 5 gives two methods
for improving the performance if we have greater
parallelism available than the number of threads.
We consider both running our original algorithm
where we randomly choose among the available re-
quests and using additional parallelism to simulate
a synchronized algorithm. The final section dis-
cusses directions in which this work could be ex-
tended.

2 Related Work

This paper has been influenced by two distinct bod-
ies of work, work done in distributed computing on
wait-free objects, and work done in the theory of
parallel computing on identifying models of asyn-
chronous computation. The notion of a wait-free
object captures the idea that the algorithm must
be resilient to the delays of threads. The work on
parallel computation provides a basis for our perfor-
mance measures. We give a brief survey of relevant
papers in both fields.

2.1 Wait-free data structures

We say that an implementation of a data structure
is wait-free if in a finite number of steps a thread is
guaranteed to complete an operation, independent
of the actions of the other threads. Any implemen-
tation that relies on locks cannot be wait-free since



after setting a lock, a thread may be delayed indef-
initely while the other threads spin idly waiting for
the lock.

There has been a substantial amount of study of
wait-free objects. The emphasis of this work has
primarily been on simple objects such as atomic
registers and testésef. A series of papers has es-
tablished relations between the primitives, either
showing that one primitive could simulate another,
or that such a simulation is impossible. Herlihy
[Her88] unified much of this work by relating prim-
itives to the a consensus problem and establishing
the existence of universal primitives. A primitive is
universal if any wait-free object can be constructed
from it. Primitives such as an atomic append to a
list and compare€fswap are universal while testédset
is not. A main drawback to the universality re-
sults is that the simulations of one primitive with
another are often inefficient.

It can be shown that there is a hierarchy of wait-
free primitives, with each level strictly more pow-
erful than the preceding level. The universal prim-
itives form the top of the hierarchy. Some com-
mon data structures, such as stacks and queues fall
in intermediate levels. However, most of the com-
plicated data structures used in programming are
in the top level. The data structures at the top
level have received relatively little attention. Her-
lihy [Her90] studied the implementation of a num-
ber of data structures in terms of compare&swap.
He showed how to implement functional data struc-
tures, and discussed wait-free memory manage-
ment.

2.2 Asynchronous P-RAM models

Researchers have recently begun to consider asyn-
chronous versions of the P-RAM [Gib89,RZ89,
RZ90,Nis90,MSP90]. The papers have introduced
several different models, with differing notions of
run time. Cole and Zajicek introduced an asyn-
chronous P-RAM model where the run time is mea-
sured in rounds, where a round is a minimal inter-
val of time that allows each processor to complete
one step. This in effect measures time in terms of
the slowest processor. This is not an appropriate
measure when processors are subject to long delays,
since while one processor is delayed, all other com-
putation takes place for free. Nishimura [Nis90] and
Cole and Zajicek [RZ90] analyze run time assuming
random interleaving of processors. This model ap-
plies best when processors run at close to the same
speed as opposed to stopping for long delays.
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Cole and Zajicek do not specify the atomic prim-
itives for the A-PRAM although implicitly assume
that an atomic assignment can be done to sev-
eral variables simultaneously. Aspnes and Herlihy
[AH90] consider an A-PRAM that does not support
universal primitives. They study the limitations of
such machines and classify the computations that
can be performed.

The works that present a model that is closest to
ours are a series of papers considering fault toler-
ant P-RAMs [KS89,KPS90,MSP90]. These papers
consider a model where processors may fail, and the
goal is to simulate the computation using the sur-
viving processors. The performance measure used
in the papers is the amount of work done, the same
measure as used in this paper. The model used by
Martel et al. differs from ours in two respects. First,
they use a primitive that appears to be somewhat
weaker than compareéswap, and second, they use a
much weaker adversary model. We shall return to
the adversary below.

3 Model

Our basic model is an asynchronous shared mem-
ory machine. Each processor can execute the in-
structions of a standard Random Access Machine.
There is a shared global memory, and each proces-
sor also has its own local memory. The instruction
set also includes the compare&swap primitive. All
of the instructions are atomic. An execution of this
machine is an interleaving of the atomic instruc-
tions. Since the instructions are serialized, the is-
sue of whether the reads and writes are concurrent
or exclusive does not arise. All of the processors
can perform a simultaneous write to a memory cell,
but the execution will cause these writes to occur
in some serial order.

3.1 Measure of Performance

To measure the complexity of algorithms we con-
sider the total number of instructions executed by
active threads. The work of an algorithm is the
maximum such total over all possible execution se-
quences. It is clear that the work measure is equiv-
alent to the time measure in the sequential model
of computation and that work is the product of
time and the number of processors in a synchronous
model of parallel computation. In the asynchronous
world the work measure for wait-free algorithms is
a generalization of the time-processor product mea-
sure. For a fixed distribution of activation periods
of the threads, a minimum work algorithm gives us



a minimum time algorithm. Since we do not have
control over the activation periods, designing an al-
gorithm to minimize the work, gives us one that
maximizes efficiency of the processors.

3.2 Data structure queries

We are interested in finding a minimurm work algo-
rithm for executing a series of n data structure op-
erations. We assume that there are always p opera-
tions that can be executed concurrently. Every time
a thread completes a data structure request, it calls
a routine to generate the next request. We assume
that there is some underlying algorithm generating
and making use of these data structure operations.
When there are no more operations to perform, a
requesting thread is able to deactivate itself and no
longer counts towards the total work.

3.3 Correctness

The standard approach for defining correctness of
an asynchronous algorithm is to assume that the
atomic instructions of all of the threads are inter-
leaved in some linear order. In order for an al-
gorithm to be correct it must behave properly for
all interleavings [HW87]. Our definition of what
it means to correctly answer the data structure
operations is also done in terms of serializability.
The answers to the queries are said to be correct if
the answers agree with some serialization of atomic
queries. This serialization is also required to be con-
sistent with the order in which the threads execute
the queries.

3.4 Adversary

We express our worst case bounds in terms of an
adversary. The adversary both chooses the queries
and establishes the interleaving order. If our algo-
rithm is randomized, then the adversary also may
look at the results of the random coin before decid-
ing on which thread has the next instruction in the
interleaving. This adversary model has been used
in {And90] and [BR90].

The strength of the adversary plays an important
role in the results that one can establish. The adver-
sary used by Martel et al. [MSP90] is substantially
weaker than the adversary used here. Their adver-
sary sets the complete interleaving order before it
sees the results of any of the random numbers. The
work of the algorithm given in the Martel et al. pa-
per increases from ©(n) to ©(pn) against the more
powerful adversary.

3.5 Primitives

In this work, we are willing to use a universal prim-
itive. Although universal primitives are all equiv-
alent in terms of computational power, the simu-
lations between universal primitives are not neces-
sarily very efficient. This means that our choice of
primitive will have a strong influence on our results.
We want to use a primitive that is simple, possi-
ble to implement in hardware or software?, and has
been accepted by other researchers. Our choice is
comparefswap, which is an assignment that suc-
ceeds only if we know the current value of the vari-
able. The compare&swap primitive was used by
Herlihy in his work on wait-free data structures,
and is included in the instruction set of the IBM
370 [Her90].

The following code fragment defines com-
pare&swap. Our main use of this primitive is to
ensure that a variable is not overwritten by another
thread between reading and update the variable.

Compare&Swap(z, a, b)
if £ = a then z := b; return SUCCESS;
else return FAILURE;

It is possible to extend compare&swap to apply
to records instead of single words. This is done by
making copies of records, and then applying com-
pare&swap to a pointer to the record to make sure
that the record has not been updated by another
thread. We give our version of compare&swap that
applies to records below.

4 Union-Find

The union-find data structure maintains a collec-
tion of disjoint subsets of {1,...,n}, and supports a
Union operation which merges a pair of subsets, and
Find which identifies the current subset containing
the given element. We augment the operation to
include an operation Sameset which tests if two el-
ements are contained in the same subset. Sameset
is important to have in a concurrent implementa-
tion, since the names of sets can change, making
this test difficult to perform if it is not provided as
a primitive. In this paper we give an implemen-
tation based on a ranked union with path halving
[Tar83]. (We can also adapt path compression to a

2 A software implementation of a primitive might guaran-
tee that the operating system will not deactivate a thread
while it is executing the primitive.

373



wait-free implementation.) The sequential cost for
a sequence of n Union-Find operations with ranked
union and either path halving or path compression
is na(n).

There are a number of difficulties that arise in
developing a concurrent Union-Find data structure.
For example, care must be taken to make sure that
simultaneous Unions do not interfere and destroy
the tree structure. When we prove that our al-
gorithm correctly implements the Union-Find data
structure, we restrict ourselves to Union and Same-
set operations. The reason for this is that the value
of the Finds depend upon the structure of the trees,
and it is possible that the structure of the trees
may differ between a concurrent, and a serialized
set of queries. Most applications of Union-Find,
such as constructing minimum spanning trees, only
use Finds to test if elements are equivalent.

4.1 Basic Data Structure

In order to give a precise definition of our algorithm,
it is necessary to present the algorithm at a very
low level. We use a notation derived from the C
language to express our manipulation of pointers
and arrays. The standard sequential data structure
is to have a set of records that point to each other to
form a forest. Each record has a next field which is
a pointer to another record, and a renk field which
is used to keep information that aids in balancing
the trees. If a record’s next pointer points back to
the record, then the record is the root of a tree.
In our implementation, we introduce an additional
level of indirection. We maintain an array A[1...n],
where each entry is a pointer to a to a record with
a next field, and a rank field. The next field is an
array index. In our C-like notation, the rank field
for element x is: A[z]>rank.

We use an ordering of the records based on their
ranks. We say that the record for z is less than
the record for y, if Alx]>rank < Aly]=>rank or if
Alz]>rank = Aly]>rank and z < y. We use the
notation £ < y when the record for z is strictly less
than the record for y, and # < y when equality is
allowed.

In order to achieve wait-free algorithms, we must
be able to perform an atomic update of both the
rank and next fields of a record. Instead of relying
on a general operation for an atomic update of a
record, we use a subroutine that updates the next
and rank fields of a record that is the root of a tree.
The reason we use a restricted operation is that it
allows us to simplify the code that we present. If z

374

is a root with rank oldrank then an atomic update
of 2’s next and rank fields are performed, otherwise
FAILURE is returned.

UpdateRoot(z, oldrank, y, newrank)
old := Alz];
if old->nezt # = or old>rank # oldrank
return FAILURE;
new := CreateRecord();
new->nezxt := y,;
new=>rank .= newrank;
return Compare& Swap(z, old, new);

4.2 Basic algorithms

We now present our implementations in full detail.
We give the code for Find, Sameset, and Union in
the following subsections.

In designing the routines, there were a number of
pitfalls to avoid. The main difficulties were to pre-
vent one thread’s updates from disrupting another
thread, and to make sure separate threads did not
have inconsistent view of the data. The main tool
to arbitrate between threads is the compare&swap
primitive. If one thread’s update is blocked by an-
other thread, then the operation is retried.

4.2.1 Find

We implement our find using path-halving. As we
traverse a path to a root, we make each node we
visit point to its grandparent. The benefit of this
method is that it halves the distance of each node
to the root.

We implement this heuristic by using com-
pare&swap to assign the new value to the next field.
This solves the problem of two or more threads con-
currently updating the same pointer. We note that
we can use compareéfswap instead of the more ex-
pensive operation UpdateRoot, since we only update
non-root nodes in Find, and UpdateRoot is only
used on root nodes.

Find(z)
while z # A[z]>nest do
t := Alz]>next;
Compare& Swap(Alz]>nezt,t, Alt]>nest);
z = Aft]->next;
return z;



4.2.2 Sameset

The operation Sameset tests if two elements are in
the the same subset. The Sameset operation is un-
necessary in the sequential case, since it can be con-
structed from a pair of finds. However, in the con-
current case, it is important to provide it as a prim-
itive, since the names of sets may change, making
it difficult to tell whether or not a pair of elements
are in the same set. Our algorithm locates the roots
for z and y. If the algorithm can give a definite an-
swer, then it does, otherwise, it finds new roots for
the elements and tries again. The subtlety is that
the elements may cease to be roots, and we must
guard against thinking the elements are in different
sets just because the root z and y are different. If
z # y and A[z]>nert = z, we can safely say that
z and y were in separate components when y was
identified as the root.

Sameset(z, y)
TryAgain:
z = Find(z); y= Find(y);
if £ = y then return TRUE;
if Alz]>nezt = z then return FALSE;

go to TryAgain;

4.2.3 Union

Our Union algorithm is an implementation of
Ranked Union. Each record maintains a rank, and
links are made from a record of smaller rank to a
record of larger rank. If records of equal rank are
linked, then the new root has its rank incremented.
It is an easy exercise to show that the height of a
tree formed by ranked unions is logarithmic in the
number of vertices. In the sequential case, along
any path to the root, the ranks are strictly increas-
ing.

Several difficulties arise in a concurrent imple-
mentation of Union. The key idea that prevents
cycles is to perform links in a direction consistent
with our ordering on records. If z and y are roots
with ¢ < y, then we link from z to y. A sub-
tler problem that arises is to ensure that different
threads have consistent views of the data. We must
prevent one thread from viewing z < y and another
viewing y < =. We do this by aborting a link from
z to y if the rank of  changes between when it was
identified as the lesser of the two roots, and when
the assignment is to take place.

When we update the rank, we must guard against
several threads incrementing the rank simultane-
ously. By using UpdateRoot, updating the rank only
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succeeds if a thread is the first to update the rank
of the new root, and if the new root is still a root.
If the new root ceases to be a root before its rank
is updated, then we can get adjacent nodes of the
same rank. As we traverse a path from a node to
the root, the ranks are non-decreasing, but not nec-
essarily strictly increasing.

Union(z,y)

TryAgain:

z := Find(z); y:= Find(y);

if z = y then return ;

zr := Alz]>rank; yr := Aly]>rank;

ifzr>yror (zr=yrandz >y)
Swap(z,y); Swap(zr,yr);

if UpdateRoot(z,zr,y, zr) = FAILURE
go to TryAgain;

if zr = yr then
UpdateRoot(y, yr, y, yr + 1);

Lemma 4.1 The pointer structure is a forest of in-
trees.

We can now give a formal proof that the concur-
rent implementation correctly implements union-
find. The basic idea behind the proof is that we can
identify some particular instruction in the interleav-
ing where we can view each operation as occurring.
We restrict ourselves to Union and Sameset queries.

Theorem 4.2 Let R be a set of Union and Sameset
operations. Lel I be an interleaving of the atomic
instructions of the threads executing R. There ez-
ists a serialization of R, consistent with the threads’
order of request, giving ezactly the same responses
to the queries as I.

4.3 Performance

The implementation above suffers from a major per-
formance flaw: there is a sequence of requests and
an interleaving of instructions that creates arbitrar-
ily long chains of nodes with identical rank.

Lemma 4.3 For any k, there erists a sequence of
requests, and an interleaving of instructions that
creates a chain of k records with equal rank. This
can occur if there are only two threads.

There is a relatively simple fix that alleviates this
problem of creating long chains. The problem arises
because one thread can initiate a second operation



before other processors detect that it has completed
the first operation. The fix is to perform the rou-
tine SetRoot on one of the elements involved in the
link at the end of the Union. (If the Union links z
to y, then the call SetRoot(x) is made.) SetRoot is
just like Find, except that it also makes sure that
the root has greater rank than the node immedi-
ately before the root on the find path. For our pur-
poses, it is important the SetRoot both compresses
the path and updates the rank of the root.

SetRoot(x)
Y=z
while y # A[y]->nezt do
t := Aly]>nezt;
Compare& Swap(Alyl->next, t, Alt]>next);
y := Aft]>nezt;
UpdateRooi(y, Alz]->rank,y, Alz]>rank + 1);

We now show that by adding SetRoot to the
Union, we reduce the length of a chain of equal
ranked records to 3p. We do not know what the
correct upper bound is. Our best guess is that the
bound is 2p.

Lemma 4.4 The modified algorithm cannot create
a chain of records of equal rank of length greater
than 3p.

These chains of length p can be constructed by a
set of stmultaneous unions performed by all proces-
sors. This sets the stage for somewhat disappoint-
ing worst case performance. After creating a chain
of length p we can have p threads simultaneously
traverse the chain. If the threads work in lock step,
each thread does p work in spite of the path halv-
ing. By repeatedly creating chains and traversing
them we have worst case behavior.

There is a second case that causes {(pn) work.
When a Union is executed, a thread reexecutes the
two Finds if the UpdateRoot fails. The UpdateRoot
fails if either A[z]>next or Alz]>rank has changed
between when the Finds were performed and when
the link was attempted. We refer to these as next
failures and rank failuresrespectively. To bound the
total amount of work, we must bound the number
of times that UpdateRoot can fail. We can bill each
next failure to the next step performed in a Find, so
we only need to concern ourselves with rank failures.

Theorem 4.5 In the worst case, there are O(pn)
rank fatlures.
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Proof: A rank failure occurs when z is to be
linked to y, and the rank of # changes before the
link is performed. The worst case occurs if p — 1
threads are simultaneously performing a Union that
has a rank failure. This means that each change in
rank can account for p — 1 rank failures. The total
number of rank changes is O(n), giving a bound of
O(pn) for the number of rank failures. |

We can now describe the worst case performance
of union-find.

Theorem 4.6 The worst case work for a series of
n union-find operations is O(pn + na(n)).

The worst case bound of O(pn) work is not very
good when it is compared with the sequential bound
of ©(na(n)). This says that in the worst case, we
get essentially no speedup using p processors. We
can put a better spin on the result. The worst case
only arises from a very tight interleaving of instruc-
tion where there is a high degree of contention in
updating the fields of records. On a real multipro-
cessor, there will be enough variation in the rate
that the instructions are executed, so that the con-
tention will be reduced, and performance will not
be as bad as our bound suggests, even on a worst
case set of requests. We can discuss this in a for-
mal setting by counting the number of times that
this contention occurs, and parameterizing our work
bounds by this quantity.

We have defined a rank failure to occur when a
link fails because the rank of the record changes
before the update is made. We now define a com-
pression failure to occur when Compare&Swap fails
inside of a Find. This type of failure occurs when
two threads are traversing a chain in lock step, and
the threads duplicate each other’s work in splicing
out elements of the chain. We shall let F denote the
total number of rank and compress failures. Our
bounds improve substantially when we account for
these failures separately.

Theorem 4.7 The worst case work for a series of
n union-find operations when there are at most F
rank and compress failures is O(np*/2 4+ no(n)+ F).

Proof: The dominant term is still the cost of
traversing long chains. However, if we count the
compress failures separately, we can treat the up-
dating of pointers during Finds as atomic opera-
tions that splice elements out of a list. The result
follows from a bound given in [And91]. |



4.4 Adversary strength

The adversary that we are considering has the
power to decide upon the requests and to set the
interleaving of threads’ instruction streams. If the
threads have access to random numbers, the ad-
versary can base the interleaving on the random
numbers. This gives the adversary considerable
power. We present a pair of results to indicate the
power that the adversary has. The results show why
some natural approaches to improving the worst
case bounds of our algorithms do not work.

One of the main difficulties we encounter in
union-find is in having a set of processors simulta-
neously traverse a long chain. We can prove that in
a pointer based model (where processors can only
access memory cells to which they have links to),
the adversary can force p threads to expend ©(p?)
work in traversing a chain of length p. This result
applies even if the threads are allowed to use ran-
domization.

Theorem 4.8 Suppose p threads simultaneously
traverse a chain of length p. The adversary can
force ©(p?) work to be performed.

Proof: The adversary forces all of the threads
to remain in lock step. Suppose that the chain is
zy — xg — --- — zp. All threads start out at z;.
The adversary picks a thread and allows it to ex-
ecute until it reads z,. The thread is then halted
until all threads have read £2. The thread is then re-
activated and allowed to read z3. This construction
proceeds in phases, so that during the j-th phase
threads proceed from z; to z;43. Since the adver-
sary keeps the processors in lock step, they are not
able to benefit any path compression that might be
performed.

Since the adversary can make the traversal of long
chains expensive, we would like to avoid construc-
tion of long chains. We show that one natural ran-
domized algorithm fails. Suppose we adopt the fol-
lowing strategy: whenever a Union is performed on
elements of equal rank, the direction of the link is
chosen at random. We can show that an adversary
can create a chain of length —2—1£g—p with high proba-
bility.

The results show the power that the adver-
sary has in defeating various algorithms. One can
achieve far better bounds for the union-find prob-
lem is the adversary is weaken, or if the change our
performance measures. The average case run time
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(over a worst case set of requests) improves sub-
stantially if we take the random interleaving model
of Nishimura [Nis90]. Under a random interleav-
ing model, it is safe for a thread to stop working
when contention is detected, since the other threads
are not likely to be stopped indefinitely. If the ad-
versary is not allowed to base its interleavings on
the results of a random number generator, then we
can get a better worst case bound. Martel et al.
[MSP90] prevent the adversary taking advantage of
the random number generator by having the adver-
sary set the interleaving order before the random
numbers are generated. Against this weaker adver-
sary it is possible to prevent long chains from arising
by techniques such as having the threads probabilis-
tically decide whether or not their links succeed.

5 Improved Work Bounds

In this section, we discuss two very different tech-
niques for improving the worst case performance
of the Union-Find algorithm. The first of these
is based upon simulating a synchronous algorithm
with asynchronous threads. Although this gives the
strongest theoretical result, it is unsatisfying since
it is clearly not practical on a real machine. Our
other approach requires having a more queries avail-
able for processing than we have threads. We are
able to trade excess parallelism for improved worst
case performance. This approach is more attractive,
since it is course grained and hence more likely to
be practical when implemented.

5.1 Step by step simulations

The first approach we consider is based on hav-
ing our p threads simulate a synchronous algorithm
also running on p processors. Each round simu-
lates exactly one instruction of each of the p syn-
chronous thread. This type of simulation is dis-
cussed for other asynchronous models in several pa-

pers [KS89,KPS90,MSP90].

It is not difficult to design a synchronized Union-
Find algorithm that is almost as efficient as the se-
quential algorithm. The source of inefficiency in our
asynchronous algorithm arises from long chains be-
ing created. In a synchronized algorithm we can
avoid long chains by breaking them up as they are
formed. We do this by simply applying the Cole-
Vishkin algorithm for finding an independent set in
a list[CV86]. This causes us to spend log* p extra
time for each linking step. This gives us the follow-
ing lemma.



Lemma 5.9 A synchronous algorithm can answer
n Union-Find queries with O(n(a(n)+log* p) work.

In order to simulate a synchronous algorithm, we
have each thread execute the instructions of each
processor. The abstraction that is used to cap-
ture this is a problem introduced by Kanellakis
and Shvartsman [KS89] called the write-all prob-
lem. The write-all problem is to write ones intnt
o an array of size p. When a thread writes a one
into location j it executes the instruction associated
with thread j in the current round. When ones have
been written into all locations, then the round is
complete, so the next round can be performed.

There are a number of important details to take
care of to turn an algorithm for the write-all prob-
lem into a simulation of a synchronous algorithm.
First of all, it is possible that two threads will at-
tempt to execute the same instruction at the same
time. It is possible to set up the rounds so that mul-
tiple executions of instructions do not change the
result. This is referred to as making the computa-
tion idempotent. A second problem to take care of
is to ensure that all threads are working on the same
round. It is possible for a thread to be delayed in the
middle of executing an instruction, and by the time
it is reactivated the other processors have finished
off the round and started a new round. We can solve
this problem by associating a tag with each memory
cell giving the last time that it was written. When
we update a tag, we use the Compare&Swap oper-
ation to avoid difficulties with concurrent updates.
The fact that we have a more powerful model makes
it easier for us to resolve this difficulty than have
others using weaker models [MSP90].

In the next subsection, we show that one round
of the synchronous algorithm can be simulated with
work O(p'*¢) for any fixed € > 0. This gives us the
following result:

Theorem 5.10 By simulating a synchronous algo-
rithm, a sequence of n Union-Find operations can be
evecuted with O(np(a(n) +log* p)) werk for ¢ > 0.

This type of simulation can be done in our frame-
work, and gives an improved result, so it is appro-
priate to consider. However, a step by step simula-
tion is not a practical solution for a shared memory
multiprocessor, so it does suggest a gap between
our theoretical framework and the situation that
we are attempting to model. The constant factors
involved in this solution are too large to be con-
sidered practical. The first problem is involved in
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the synchronous Union-Find algorithm. The step
of performing a deterministic coin-tossing for each
linking step introduces a large overhead. However,
the real problem comes from the simulation. There
are three separate problems with the simulation,
each one of them probably sufficient to rule out
practical implementation. First of all, requiring the
tagged memory for every write would double stor-
age, and greatly slow down the computation. Sec-
ondly, the simulation would require synchronizing
at every time step. This is a far finer granularity of
synchronization than is feasible on the type of ma-
chine being modelled. Finally, the process of having
each thread execute the instructions of a synchro-
nized algorithm means that each thread is acting as
an interpreter, thus the advantage of compiled code
is abandoned.

5.2 The write-all problem

In this section we give a solution to the write-all
problem. Our result differs from the result of Mar-
tel, in that our algorithm is applicable to a stronger
adversary. The write-all problem for the stronger
adversary model has been previously considered by
Buss and Ragde[BR90]. They give an upper bound
of O(p'°823) work. Our algorithm includes their’s as
a special case. They also show an Q(plogp) work
lower bound for the write-all problem.

Let S, denote the set of permutations over [n](=
{1,...,n}), and call a subset R of S, a random k-
subset of Sy, if it is constructed by choosing each
of its k elements randomly and uniformly from S,,.
We calculate the contention of this order m with re-
spect to the actual order « in which the queries are
processed as follows: Suppose the elements of [n] are
in a stack in the order 7, and these elements disap-
pear one by one in the order a. The contention of w
with respect to o, contention(r, o), is the number of
times that the next element to disappear is on the
top of the stack. For a set R of permutations over
Sn, we define the contention of R with respect to o
as contention(R,a) = 3, ., contention(w, ), and
the mazimum contention of R as contention(R) =
maXqes, contention(R, o).

The lemmas that follow motivate our algorithms.

Lemma 5.11 There is a constant ¢ such that if o
is a fized element of S,, and w is a random element
of Sp then the ezpected value of contention(w, ) is
at most clogn.



Lemma 5.12 There is a constant ¢ such that if R
is @ random n-subset of S, then the probability that
contention(R) > cnlogn is less than ;.

Corollary 5.13 There is a constant ¢ such that for
each n there is an n-subset of S, with contention at
most enlogn.

Lemma 5.14 Suppose there are q high level in-
structions, n threads partitioned into ¢ groups
(91,--.,94) of size % and a g-subset R
{m1,...,mg} of Sy with contention(R) < cqloggq.
If each processor in group g; performs unfinished
instructions in the order w; then the the amount
of work used to ezecute the gq instructions is
O(cqloqu(%)), where W(fl‘-) is the amount of
work used when % threads execute a single instruc-
tion.

Lemmas 5.12 and 5.14 motivate a randomized al-
gorithm for the case where there are p threads and
p? instructions. Let the instructions be partitioned
into p groups {g1,...,9p} of size p and define the
high level instructions Inst(1),...,Inst(p) to con-
sist of the sequential execution of the instructions
in gi1,...,9gp, respectively. Each thread randomly
chooses an element 7 of S,, and then attempts
to execute the high level instructions in the order
Inst(n(1)),..., Inst(w(p)). Once a thread has suc-
cessfully completed a low level instruction, it marks
the instruction as completed, so no thread that fol-
lows need consider the instruction. Similarly, the
once a thread has completed all of the instructions
in a group it marks the group as completed so no
following thread need consider that group. Thus
the following theorem holds.

Theorem 5.15 There exists a randomized algo-
rithm for p threads that simulates p* instructions
with O(p? log p) work with high probability.

A deterministic algorithm can be constructed us-
ing the basic ideas contained in corollary 5.13 and
lemma 5.14. Unfortunately, this deterministic algo-
rithm is not as efficient, but no extra processors are
required.

Suppose n = ¢¢ for some integers ¢ and d. We
can label each of the ¢ requests (or the ¢¢ threads)
by unique string of length d over the alphabet
A ={1,...,q}. We can imagine that the requests
are stored at the leaves of a g-ary tree, with in-
ternal nodes labelled by strings of length less than
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d, such that if v is a parent of w then label(v) =
ajazaz...a; and label(w) = ajazas...a;a;4; for
some nonnegative i < d and some labelsay, ..., a;41
in A. (The root of the tree is labelled by the empty
string.)

The basic code is that of the Traverse proce-
dure for a fixed values of ¢ and d and fixed set
{m(1),...,7(q)} with contention at most cqloggq.
Each thread makes the following initial call to
the Traverse procedure: Traverse(0,A,label
@1 ...aq), where X is the empty string and the label
of the thread is a; ...aq. The procedure Traverse
calls a Process procedure that causes the thread to
execute the instruction labelled by the root string.
It also calls a Mark procedure to mark the tree
rooted at root as completed, and a ReadMark pro-
cedure accordingly. (Read the symbol * as a string
concatenation operator.)

Traverse(i, root, label = aja; . ..a4);
if (i = ¢) then Process(root)
else begin

for j:=1to g do

if ReadMark(root x na,,,(j)) = false then

Traverse(i + 1, root * wa,,,(5), label);
Mark(root);

The algorithm Traverse above together with
corollary 5.13 and lemma 5.14 can be used to derive
the following theorem.

Theorem 5.16 For every € > 0, there exists a de-
terministic algorithm for p threads that simulates p
instructions with O(p'*¢) work.

5.3 Coarse grained algorithm

Instead of simulating a synchronized algorithm, we
can take advantage of additional parallelism in a
different way. If we have more operations avail-
able than threads, we have to allocate operations
to threads. It turns out that if each thread selects
operations af random, then the worst case perfor-
mance improves dramatically. This method of de-
feating an adversary is much more appealing than
simulating synchronization, since it is a method
that could easily be implemented in practice.

Our proof shows that we can get an improvement
in worst case performance of a factor of roughly p'/2
by this method. Qur result is for a general adver-
sary that chooses the data structure operations and



sets the interleaving. The adversary also has full
access to the state of the threads when deciding on
the interleaving. The idea behind this theorem is
that if the adversary attempts to create a bad case
by building long chains, then the adversary has to
decide on a large number of the requests. After the
adversary has decided on these requests, most of
them will turn out to be redundant, and hence easy
to process.

Theorem 5.17 The expected work for n union-
find operations is O(n(p'/?logp + «(n))) when
threads randomly select their current operations
from a set of p? avatlable operations.

We believe that it should be possible to tighten
the proof, to give a total work of approximately
O(nlogp). This would show that the course grained
approach is almost as good as the synchronous ap-
proach.

6 Research Directions

We believe that there is still much work to be done
in studying data structures for asynchronous paral-
lel machines. The natural direction to extend this
work is to look at other data structures. There are
many interesting questions on how several differ-
ent data structures can be maintained simultane-
ously, such as in a minimum spanning tree algo-
rithm, where we want to keep track of disjoint sets,
each of which has an associated heap.  Another
interesting direction of work would be to consider
other universal primitives instead of compare&swap.
Possible primitives to consider include an atomic
splice out primitive, and versions of compare&swap
that allow multiple variables to be updated.
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