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Spectral partitioning is a simple, nearly linear time algorithm to find sparse cuts, and the Cheeger inequal-
ities provide a worst-case guarantee for the quality of the approximation found by the algorithm. A local
graph partitioning algorithm finds a set of vertices with small conductance (i.e., a sparse cut) by adaptively
exploring part of a large graph G, starting from a specified vertex. For the algorithm to be local, its complex-
ity must be bounded in terms of the size of the set that it outputs, with at most a weak dependence on the
number n of vertices in G. Previous local partitioning algorithms find sparse cuts using random walks and
personalized PageRank [Spielman and Teng 2013; Andersen et al. 2006].

In this article, we introduce a simple randomized local partitioning algorithm that finds a sparse cut by
simulating the volume-biased evolving set process, which is a Markov chain on sets of vertices. We prove that
for any € > 0, and any set of vertices A that has conductance at most ¢, for at least half of the starting vertices
in A our algorithm will output (with constant probability) a set of conductance O(\/¢/¢). We prove that for
a given run of the algorithm, the expected ratio between its computational complexity and the volume of
the set that it outputs is vol(A)¢~1/2 polylog(n), where vol(A) = ¥, 4 d(v) is the volume of the set A. This
gives an algorithm with the same guarantee (up to a constant factor) as the Cheeger’s inequality that runs
in time slightly superlinear in the size of the output. This is the first sublinear (in the size of the input) time
algorithm with almost the same guarantee as the Cheeger’s inequality. In comparison, the best previous
local partitioning algorithm, by Andersen et al. [2006], has a worse approximation guarantee of O(,/¢ logn)
and a larger ratio of ¢! polylog(n) between the complexity and output volume.

As a by-product of our results, we prove a bicriteria approximation algorithm for the expansion profile of
any graph. For 0 < £ < vol(V)/2, let ¢(k) := ming.y,)(s)<z $(S). There is a polynomial time algorithm that, for
any k, € > 0, finds a set S of volume vol(S) < O(k*¢) and expansion ¢(S) < O(,/¢(k)/¢). As a new technical
tool, we show that for any set S of vertices of a graph, a lazy ¢-step random walk started from a randomly
chosen vertex of S will remain entirely inside S with probability at least (1 — ¢(S)/2)!. This itself provides a
new lower bound to the uniform mixing time of any finite state reversible Markov chain.
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1. INTRODUCTION

Let G = (V, E) be an undirected graph, with n := |V| vertices, and m := |E| edges, and
let d(v) denote the degree of vertex v € V. The volume of a set S C V is defined as the
sum of the degree of vertices in S,

vol(8) := ) "d(v).

ves
The conductance of a set S is defined as
#(S) := 3(S)/vol(S),
where 9(S) denotes the number of edges that leaves S. Let
o(G) := i #(S)

= min
S:vol(S)<vol(V)/2

be the conductance (uniform sparsest cut) of G. The Cheeger inequalities [Alon and
Milman 1985; Alon 1986; Kwok et al. 2013] prove that the Spectral Partitioning algo-
rithm finds, in nearly linear time, a O(1/,/¢(G)) approximation to the uniform sparsest
cut problem. Most notably, the approximation factor does not depend of the size of the
graph; in particular, the Cheeger inequalities imply a constant factor approximation
if ¢(G) is constant. Variants of the spectral partitioning algorithm are widely used in
practice [Kleinberg 1999; Shi and Malik 2000; Tolliver and Miller 2006].

Often, one is interested in applying a sparsest cut approximation algorithm itera-
tively, that is, first find an approximate sparsest cut in the graph and then recurse
on one or both of the subgraphs induced by the set found by the algorithm and by its
complement. Such an iteration might be used to find a balanced sparse cut if one exists
(cf. Orecchia and Vishnoi [2011] and Orecchia et al. [2012]) or to find a good clustering
of the graph, an approach that leads to approximate clusterings with good worst-case
guarantees, as shown by Kannan, Vempala, and Vetta [Kannan et al. 2004]. Even
though each application of the spectral partitioning algorithm runs in nearly linear
time, iterated applications of the algorithm can result in a quadratic running time.

Spielman and Teng [2004], and subsequently [Andersen et al. 2006], studied local
graph partitioning algorithms that find a set S of small conductance, in time nearly
linear in the size of the output set S, by adaptively examining a small subset of the
input graph near a specified starting vertex. Note that the running time can be sub-
linear in the size of the input graph if the algorithm finds a small output set S. When
iterated, such an algorithm finds a balanced sparse cut in nearly linear time in the size
of the graph and can be used to find a good clustering in nearly linear time as well.
Such algorithms are useful for finding target clusters in large graphs and for quickly
finding collections of small clusters. They have been applied in practice to probe the
community structure of social and information networks [Flake et al. 2000; Andersen
and Lang 2006; Leskovec et al. 2008] and have been used as subroutines to design fast
algorithms for other partitioning problems [Spielman and Teng 2004, 2013].

Another advantage of such “local” algorithms is that if there are both large and small
sets of near-optimal conductance, the algorithm is more likely to find the smaller sets.
Thus, such algorithms can be used to approximate the “small-set expander” problem,
which is related to the unique games conjecture [Raghavendra and Steurer 2010] and

Journal of the ACM, Vol. 63, No. 2, Article 15, Publication date: May 2016.


http://dx.doi.org/10.1145/2856030

Almost Optimal Local Graph Clustering Using Evolving Sets 15:3

the expansion profile of a graph (that is, the cut of the smallest conductance among all
sets of a given volume).

Finding small, low-conductance sets is also interesting in clustering applications.
In a social network, for example, a low-conductance set of users in the “friendship”
graph represents a “community” of users who are significantly more likely to be friends
with other members of the community than with non-members, and discovering such
communities has several applications. While large communities might correspond to
large-scale, known factors, such as the fact that American users are more likely to
have other Americans as friends or that people are more likely to have friends around
their age, small communities generally contain more interesting and substantial in-
formation. Leskovec et al. [2009, 2010] observed that, in large networks, the “best”
communities, that is, sets with the smallest conductance, have a size of roughly 100
nodes; as the size increases, the best possible communities become more and more
blended into the remainder of the network. There is also experimental evidence that a
significant fraction of vertices in networks belong to small communities [Li et al. 2011,
Li and Peng 2011].

1.1. Almost Optimal Local Graph Clustering

Alocal graph clustering algorithm is a local graph algorithm that finds a non-expanding
set in the local neighborhood of a given vertex v in time proportional to the size of the
output set. The work/volume ratio of such an algorithm, which is the ratio of the
computational time of the algorithm in a single run, and the volume of the output set,
may depend only poly logarithmically to the size of the graph. The main result of this
article is a new local graph clustering algorithm with improved work/volume ratio and
an improved bound on the conductance of the output set.

The problem was first studied in the remarkable work of Spielman and Teng [2004].
They designed an algorithm, Nibble, such that for any set A C V, if the initial vertex, v,
is sampled randomly according to the degree of vertices in A, with a constant probability,

then Nibble finds a set of conductance O(/¢(A) log3 n), with a work/volume ratio of

O(¢~2(A) polylog(n)). Nibble finds the desired set by looking at the threshold sets of the
probability distribution of a ¢-step random walk started at v. To achieve the desired
computational time, they keep the support of the probability distribution small by
removing a small portion of the probability mass at each step.

Andersen et al. [2006] used the approximate PageRank vector rather than approxi-
mate random-walk distribution, and they managed to improve the conductance of the
output set to O(/¢(A)logn) and the work/volume ratio to O(¢~1(A) polylog n).

Note that the approximation guarantee of both of the above algorithms depends
poly-logarithmically on the size of the graph. It has been an open problem to design
a local variant of the Cheeger’s inequality, that is, to provide a local graph clustering
algorithm with an approximation guarantee that does not depend on the size of G.

In this article, we design a local partitioning algorithm, called EvoPar, based on
evolving sets. Our algorithm is conceptually simpler than the previous local graph
partitioning algorithms in the sense that it depends on fewer number of parameters.
It simply simulates a Markov chain (or independent copies of a Markov chain) called
“evolving set process” on the subsets of vertices of G until a certain stopping time is
reached and then outputs the resulting set.

Apart from simplicity, it has two main advantages over the previous results. The
first and the third authors [Andersen and Peres 2009] showed that the evolving sets
Markov chain can be simulated very efficiently by only looking at the boundary of the
current state, thus reducing the dependency on ¢(A) in the work-per-volume ratio to
¢~ 1/2(A). The second and the last authors [Oveis Gharan and Trevisan 2012] employed

Journal of the ACM, Vol. 63, No. 2, Article 15, Publication date: May 2016.



15:4 R. Andersen et al.

a more careful analysis of the evolving set process together with a new upper bound
on the escape probability of random walks and managed to eliminate the dependency
on n in the conductance of the output set. Putting these together, we obtain the first
sublinear (in the size of the input) time algorithm with almost the same guarantee as
the Cheeger’s inequality.

The following theorem summarizes the contributions of both articles.

THEOREM 1.1 (MAIN). EvoPar(v, k, ¢, €) takes as input a starting vertex v € V, a target
conductance ¢ € (0, 1), a target volume k, and 0 < ¢ < 1 and outputs a set of vertices.
For a given run of the algorithm, let S be the output and let W be the computational
complexity of the algorithm. Then, S and W depend on the randomness of the algorithm,
and

(1) The work per volume ratio W /vol(S) satisfies
E[W /vol(S)] = Ok ¢~ % log? n).

(2) If A C V is a set of vertices that satisfy ¢(A) < ¢, and vol(A) < k, then there is a
subset A' C Awith volume at least vol(A)/2, such that if v € A, then with a constant
probability S satisfies

(@) ¢(S) = O(Ve/e),
(b) vol(S) = O(k*).

Letting ¢ = 1/log(k) in the above theorem we obtain a local graph clustering
algorithm that for any target set A finds a set of S such that vol(S) = O(k),
#(S) = O(/¢(A)log(k)) with the work/volume ratio of O(¢~1/2(A)polylog(n)). There-
fore, the above theorem is a strict improvement on the previous local graph clustering
algorithms. In addition, letting ¢ = Q(1), we can avoid any dependency on n in the
conductance of the output set at the cost of a slight increase in the running time.

Our algorithm can be seen as an almost optimal local graph clustering algorithm in
the sense that it approximates ¢(A); this is because, on one hand, obtaining a better-
than-square-root approximation for the balanced separator problem, in the regime
where the optimum value is a constant independent of n, is SSE hard! [Raghavendra
et al. 2010]; on the other hand, for smaller values of ¢(A), using Cheeger’s inequality, it
seems impossible to approximate conductance by a factor better than square root with
a random-walk-based algorithm. This is because the performance of random walks
is closely tied to the spectrum of the random-walk matrix of G, but, using Cheeger’s
inequality, there is a square-root gap between the conductance of cuts and the spectral
gap [Jerrum and Sinclair 1989].

1.2. Approximating the Expansion Profile

As a by-product of the above result, we give an approximation algorithm for the expan-
sion profile of G. Lovasz and Kannan [1999] defined the expansion profile of a graph G
as follows:
k) = i S).
o) s;\g}(lgskd)( )
Lovasz and Kannan used the expansion profile as a parameter to prove strong upper
bounds on the mixing time of random walks. The notion of expansion profile recently re-
ceived significant attention in the literature because of its close connection to the small

set expansion problem and the unique games conjecture [Raghavendra and Steurer
2010].

ISee Theorem 1.3 for the statement of the small set expansion conjecture.
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Raghavendra and Steurer [2010] defined the small set expansion problem.

ProBLEM 1.2 (GAP SMaLL SET ExPaNSION sse(d, ¢)). Given a graph G, and constants
8, ¢ > 0, distinguish whether

#@-m=>1—¢ or ¢ -m)=<é¢.
They conjectured that the above problem is hard for sufficiently small values of §,

CoNJECTURE 1.3 (GAP-SMALL-SET ExpANSION CONJECTURE). For every ¢ > 0, there exists
8§ > 0 such that sse(8, ¢) is NP-hard.

Most interestingly, they show that Gap-Small-Set-Expansion problem is easier than
the Unique Games conjecture.

THEOREM 1.4 (RAGHAVENDRA AND STEURER [2010]). The Gap-Small-Set Expansion con-
Jecture implies the Unique Games Conjecture.

The above theorem shows that if someone wants to design an algorithm to refute
Unique Games conjecture, then she must start by designing an algorithm for the small
set expansion problem.

Let Abe the adjacency matrix of G and D be the diagonal matrix of vertex degrees. Let
the threshold rank of G, denoted by rank;_,(D~!A), be the number (with multiplicities)
of eigenvalues A of the random-walk matrix D~1A, satisfying A > 1 — 5. Arora et al.
[2010a] designed a polynomial time algorithm for the small set expansion problem on
graphs where for some constant n > 0, rank;_,(D1A) > nP°Y®/9) Unfortunately, their
algorithm does not provide any approximation of ¢(8 - m) for general graphs, since they
may have much fewer large eigenvalues.

Raghavendra et al. [2010] and Bansal et al. [2011] used semidefinite programming
relaxations of the problem and designed algorithms that approximate ¢(§ - m) within
factors O(¢(8 - m)~1/2,/log 1/8) and O(,/lognlog 1/8) of the optimum, respectively. How-
ever, the quality of both approximation algorithms is not independent of §, which is of
interest to the small set expansion problem.

Here, we design an algorithm that approximates ¢(k) as a function of ¢(k1~€), without
any dependency on k or the size of the graph; specifically, we prove the following
corollary:

CoroLLARY 1.5. There is a polynomial time algorithm that takes as input a target
volume k and 0 < € < 1 and outputs a set S, s.t. vol(S) < O(E'*) and ¢(S) < /o(k)/e.

For example, if G has a set A where vol(A) = ./m, then the above algorithm returns
a set S with vol(S) < m!/2*€ and ¢(S) < /#(A)/e. Note that if k1*¢ > m, then the above
corollary is trivial because the algorithm can return S = V in the output. The above
corollary shows that the hard instances of the small set expansion problem are graphs
where even though ¢(8 - m) < 1, for any € = Q(1), we have ¢(m!~¢) ~ 1.

Independent of our work, Kwok and Lau [2012] have obtained a somewhat different
proof of Theorem 1.5 by also showing an upper bound on the escape probability of
random walks (see the remarks after Theorem 3.1 for more details). They use this
result to construct a local graph clustering algorithm based on the work of Spielman
and Teng [2013] with a weaker guarantees compared to Theorem 1.1.

1.3. Approximating Balanced Separator

One application of our local partitioning algorithm is a fast algorithm for finding
balanced cuts. Spielman and Teng showed how to find a balanced cut in nearly lin-
ear time by repeatedly removing small sets from a graph using local partitioning

Journal of the ACM, Vol. 63, No. 2, Article 15, Publication date: May 2016.



15:6 R. Andersen et al.

[Spielman and Teng 2004]. Applying their technique with our algorithm yields an al-
gorithm EvoPartition with the following properties. The algorithm has complexity
m!t0©g=1/2 polylog(n), and it outputs a set of vertices whose conductance is O(/¢ /<)
and whose volume is at least half of any set with conductance at most ¢ and volume at
most m!'~¢/c, where ¢, € are inputs to the algorithm and ¢ > 0 is an absolute constant.

Orecchia et al. [2012] very recently designed almost linear (O(mpolylog(n))) time
algorithm that gives a /¢ approximation to the balanced separator problem. Their
algorithm is the current fastest algorithm that provides a nontrivial approximation
guarantee to the balanced cut problem (note that compared to our algorithm, the
running time of Orecchia et al. [2012] does not depend on ¢). There are also several
algorithms that provide stronger approximation guarantees with a slower running time
(see, e.g., Arora et al. [2010b] and Sherman [2009]). These algorithms produce cuts with
conductance O(¢ polylog(n)), and their computational complexity is dominated by the
cost of solving O(n°Y) many single-commodity flow problems. In Section 6, we give a
more detailed description of EvoPartition.

1.4. Lower Bounds on Uniform Mixing Time of Random Walks

Using our techniques, we also prove improved lower bounds on the mixing time of re-
versible Markov chains. Since any reversible finite-state Markov chain can be realized
as a random walk on a weighted undirected graph, we model the Markov chain as a
random walk on a weighted graph G.

Let t(¢) be the e-uniform mixing time of a Markov Chain (see Section 3.1 for the
definition). We prove the following lower-bound on z(e¢).

ProrosiTioN 1.6. For any (weighted) graph G = (V, E), any S € V with vol(S) <
vol(V)/2, and 0 < € < 1, if $(S) < 0.7, then

_ log(vol(V)/(1 + e)vol(S))

t(e) > 26(S) 1.

1.5. Techniques

Our local partitioning algorithm is based on the evolving set process. The evolving
set process (ESP) is a Markov chain whose states are subsets of the vertex set of a
graph. Its transition rule is a simple procedure that grows or shrinks the current set.
Morris and the second author used the ESP, and the closely related volume-biased
evolving set process (volume-biased ESP), to bound the mixing time of Markov chains
in terms of their isoperimetric properties [Morris and Peres 2003]. The volume-biased
ESP is equivalent to the strong stationary dual of a random walk, which was introduced
earlier by Diaconis and Fill [1990]. Further applications of evolving sets were described
in Montenegro [2007, 2009]. In all of these results, evolving sets were used as analytical
tools rather than algorithms.

Our algorithm simulates independent copies of the volume-biased evolving set pro-
cess until a certain stopping time is reached and then outputs the resulting set. To
prove the local approximation guarantee, we bound the rate of growth of the sets in
the volume-biased ESP. In particular, we prove a lower bound that depends on the con-
ductance of the sets observed by the process and an upper bound that depends on the
conductance of certain sets that contain the starting vertex. Say the process starts with
a vertex v, and Sy = {v}, S1, Se, ..., S; is a sample path of the process. In Theorem 4.2,
we employ a non-trivial martingale argument to show that, with high probability, for
any stopping time t, at least one set S; is such that ¢(S;) < O(/logvol(S;)/t). Now,
if one can show that up to a sufficiently large time 7', the process constructs sets all
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Fig. 1. The evolution of the volume-biased ESP in a huge graph. The red vertices represent the boundary
of the current set in the process. Observe that the size of the boundary is significantly smaller than the size
of the set.

of volume at most %, then we get a set of volume at most £ and conductance at most
O(/logk/T).

So we just need to lower bound 7'. We prove a new technical result that for any set
S of vertices, a t-step lazy random walk started at a random vertex of S is entirely
contained in S with probability is at least (1 — ¢(S)/2) (see Theorem 3.1). Previously,
only the lower bound 1 — #¢(S)/2 was known. Using this lemma, we show that if the
graph has a set A of conductance ¢, then for any chosen ¢ < 1 and 7' = Q(e log vol(A)/¢),
with probability at least 1/vol(A)¢, all of the sets in the sample path of the process have
volume at most O(vol(A)'*¢) provided that the process starts from a random vertex of
A. This is enough to guarantee that, with a probability of at least 1/vol(A)¢, the process
constructs at least one set of conductance O(\/¢/¢). To achieve a constant probability of
success, we run vol(A)-independent copies of the evolving set process simultaneously
and stop as soon as one of the copies finds a small non-expanding set.

To bound the work/volume ratio, we combine a simple implementation trick with
a nontrivial probabilistic analysis. We introduce an efficient method for simulating
the volume-biased ESP that updates the vertices on the boundary of the current set
and ignores the vertices in the interior. It turns out that the size of the boundary is
“typically” significantly smaller than the size of the current set in the evolving set
process (see Figure 1 for an example). Furthermore, the work required to generate
a sample path using this method is proportional to the (two-sided) boundaries of the
observed sets. Using a martingale argument, we prove that the expected ratio between
the volume of the boundaries of the sets in a sample path and the volume of the last set
of that path is polylog(n)¢ /2, which bounds the work/volume ratio of our algorithm.

2. PRELIMINARIES

2.1. Notation

Let G = (V, E) be an undirected graph with n := |V| vertices and m := |E| edges. Let
d(v) be the degree of vertex v € V. The volume of a subset S C V is defined as the
summation of the degree of vertices in S,

vol(8) := > " d(v).
veS

For S, T C V,let E(S,V\S) :={(i,v) :u e S,v ¢ S} be the set of the edges connecting
S to V\S, and we use 3(S) to denote the number of those edges. We also let E(S) :=
{{u, v} : u, v € S} be the set of edges inside S. The conductance of a set S C V is defined
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to be
¢(S) := 3(8S)/vol(S).

Observe that (V) = 0. In the literature, the conductance of a set is sometimes defined
to be 9(S)/ min(vol(S), vol(V'\S)). Notice that the quantities are within a constant factor
of each other if vol(S) = O(vol(V'\S)). Since here we are interested in finding small
non-expanding sets, it is more convenient to work with the above definition.

We write ¢2(V) for the Hilbert space of functions f : V — R. For two functions
f.g : V — C we define the ordinary inner product:

(f.8) =) f)- g

veV

We say f and g are orthogonal if (£, g) = 0. The norm of a function f € ¢2(V) is simply

171 = V(£ 1)

For a non-negative function f : V — R, we use /f to denote the function function
JFW) =/ f). We use 1 to denote the all one function, and 15 as the indicator vector
of aset S € V. We may abuse the notation and use 1, instead of 1) for a vertexv € V.
For a matrix M € RV*V, we use MT to denote the transpose of M. We use A to denote
the adjacency matrix of G and D to denote the diagonal matrix of vertex degrees. We
let I be the identity operator. For a set S C V, we use Is to denote the identity operator
on the set S, that is, for any function f: V — R, Isf(v) = f(v)ifv e S and Isf(v) =0
otherwise. We use £ := I — D~"Y2AD~1/2 to denote the normalized Laplacian matrix. It
is well known that £ is a positive semidefinite matrix with eigenvalues at most 2. Recall
that a matrix M € RV*V is positive semidefinite (PSD) if for any function f : V — R,

(Mf. f) = 0.
Throughout the article, all logarithms are in base e.

2.2. Random Walks
We will consider the lazy random walk on G that each time step stays at the current
vertex with probability 1/2 and otherwise moves to the endpoint of a random edge
attached to the current vertex. The transition kernel of the random walk is
1/2d(w) if (u,v) € E
pu,v) =41/2 ifu=v
0 otherwise.

Given a set S, we let p(u, S) denote the probability of transitioning from u to some
vertex in S,

1 e, S)

pw, S) = plu,v) = =(
; 2" duw)

where e(u, S) denotes the number of edges between u and S, and 1[.] is the indicator
function of an event (see Figure 2 for an example).

We use P := (D 1A+ 1)/2 as the transition probability matrix of this random walk.
We define the following probability distribution function on a set S € V of vertices:

7TS(U) = { g(v)/VOI(S) ifv e S7

otherwise.

+ 1w € SD),

In particular, 7 (v) := 7y (v) is the stationary distribution of the walk, that is, P77 = 7.
We use v ~ g to denote the distribution where v is sampled with probability 7g(v).
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p(u, S) = 2/8
p(v,S) =3/8
p(w,S) =6/8

Fig. 2. An example of transition probabilities from several vertices to a set S.

2.3. The Evolving Set Process

The ESP is a Markov chain on subsets of the vertex set V. Given the current state S,
the next state Sp is chosen using the following rule: Pick a threshold Z uniformly at
random from the interval [0, 1], and let

S1={u:pu S) > Z). (D

Notice that ¥ and V are absorbing states for the process. Given a starting state Sy C V,
we write Pg,[-] := P[- | Sp] to denote the probability measure for the ESP Markov chain
started from Sy. Similarly, we write Eg, [-] for the expectation. For a singleton set, we use
the shorthand P,[-] = P(,[-]. We define the transition kernel K(S, §") = Pg[S; = S'].

Morris and Peres [2003] used the evolving set process to prove upper bounds on the
strong stationary time of Markov chains based on the conductance profile. They proved
the following propositions to relate the conductance of a set in the ESP to the change
in volume in the next step. The first proposition strengthens the fact that the sequence
(vol(Sy))=0 is a martingale.

ProposiTion 2.1 (Morris AND PEREs [2003]). Let Z be the uniform random variable
used to generate Sy from S in the ESP. Then,

Eg [vol(Sl) | Z < %:| = vol(S) + 3(S) = vol(S)(1 + ¢(S)).

Es |:vol(Sl) | Z > %} = vol(S) — 3(S) = vol(S)(1 — ¢(S)).

ProposiTion 2.2 (Mogrris AND PEREs [2003]). The growth gauge ¢ (S) of a set S is
defined by the following equation:

1- y(S) = Eg |: VOl(Sl):|.

vol(S)

For any set S C V, the growth gauge and conductance satisfy ¥(S) > ¢(S)?/8.
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Proor. Using Theorem 2.1, for any set S C V, we have

vol(Sy) 1 vol(Sy) 1 1 vol(Sy) 1
Es [ MS)} = gBs [ vols) | 2= E} +3Es { vols) |2~ 5}

1 vol(S;) 1 1 vol(Sy) 1
é\/ES [vol(S) 2= 5] * 5\/ES|:V01(S) 1Z> 5}

1 1
= V108 + 5 1-¢(S) <1-¢%9)/8,

where the first inequality follows from Jensen’s inequality and the last inequality
follows from the Taylor expansion of the square-root function. 0O

IA

2.4. The Volume-Biased Evolving Set Process

The volume-biased evolving set process (volume-biased ESP) is a Markov chain on
subsets of V with the following transition kernel:

= . vol(§) ,

K(S,S) = 1(S)K(S S, (2)
where K(S, S’) is the transition kernel for the ESP. We remark that K is the Doob
h-transform of K with respect to vol (see chapter 17 of [Levin et al. 2006]) and that
the volume-biased ESP is equivalent to the ESP conditioned to absorb in the state V.
Given a starting state Sy, we write Pb:q []:= P[ | Sl for the probability measure of
the Markov chain. Similarly, we write Eg,[-] for the expectation.

The following proposition relates the volume-biased ESP and the ESP. This is a
standard consequence of the Doob A-transform, but we include a proof for completeness.

ProposiTiOoN 2.3. For any function [ and any starting set Sy # ¢,

vol(S,)
volisy (S0 8. )]

Proor. Assume that So # ¢. Let C be the collection of sample paths (S, ..., S) such
that Pg,[S1,..., 8] > 0. If (So, ..., Sy) € C, then vol(S;) > 0 for all ¢ € [0, ¢], so

3

Es,[£(So..... Sl = Eg, [

-1
~ _ vol(S; ;1) o vol(S;)
PSg[Sl ..... St]—gmp&[swrl]—m So[Sl ..... Sil
Therefore,
Es[f(So.....8)1 = > f(So.....S8)Pg,[S1..... 8]
(So,...s SyeC
1(S
D DL ke SN
(So,...81)eC vol(Sp)
. vol(S;
— Es [Vol(so)f(so,.. )]. .

2.5. The Diaconis-Fill Coupling

Diaconis and Fill [1990] introduced the following coupling between the random-walk
process and the volume-biased ESP. Let (X;, S;) be a Markov chain, where X; is a vertex
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and S; C V is a subset of vertices. Let P*[-] be the probability measure for the Markov
chain. Given a starting vertex v, let Xo = v and Sy = {v}, and let P} [[] = P*[ | X, =
v, Sp = {v}]. Given the current state (X;, S;), the transition probabilities are defined as
follows.

P X1 =0 X =v,8=8] = plv,v),
K(S, SO € S']
P[U’ € St+1 | St = S] ’

In words, we first select X;,; according to the random-walk transition kernel and then
select S;.1 according to the ESP transition kernel restricted to sets that contain X;. ;. We
define the transition kernel K*((v, S), (v, S) =P*[X1=v,51=8" | Xo = v, Sy = SI.

The following proposition shows that P*[-] is a coupling between the random-walk
process and the volume-biased ESP, and, furthermore, that the distribution of X; con-
ditioned on (S, ..., Sy) is the stationary distribution restricted to S;. A proof of Theo-
rem 2.4 is given in Levin et al. [2006, Chapter 17].

ProprosiTioN 2.4 (Diaconis aND FiLL [1990]). Let (X;, S;) be a Markov chain started
from (v, {v}) with the transition kernel K*.

P*[St+1 =S | S, =8, )(t+1 =] =

(1) The sequence (X;) is a Markov chain started from v with the transition kernel p(., .).
(2) The sequence (S;) is a Markov chain started from {v} with transition kernel K.
(3) For any vertex u and time t > 0,

d(u)

PiX=ulSi....S]=TueS] e

3. UPPER BOUNDS ON THE ESCAPE PROBABILITY OF RANDOM WALKS

In this section we establish new upper bounds on the escape probability of random
walks. We show that for any S € V a ¢-step lazy random walk started at a random
(chosen proportional to degree) vertex of S remains entirely in S with probability at
least (1 — ¢(S)/2)!. Previously, only the lower bound 1 — ¢¢(S)/2 was known (see, e.g.,
Spielman and Teng [2013]).

For comparison, when ¢ = 1/¢(S), the known bound would imply that the walk
has probability at least 1/2 of being entirely contained in S, with no guarantee being
available in the case ¢t = 2/¢(S), while our bound implies that for ¢ = (¢logn)/¢ the
probability of being entirely contained in S is still at least 1/n¢. Roughly speaking, the
Q(logn) factor that we gain in the length of walks that we can study corresponds to our
improvement in the conductance bound in Theorem 1.1, while the 1/n¢ factor that we
lose in the probability corresponds to the factor that we lose in the running time and
the size of the output.

Let X; be the random variable indicating the ¢-th step of the random walk started at
v. Observe that the distribution of X; is exactly (PT)'1,. For a subset S € V,v € V, and
integer ¢ > 0, we write

esc(v,t,8) =P, [U_,X; ¢ S]

to denote the probability that the random walk started at v leaves S in the first ¢ steps
and rem(v, ¢, S) := 1 — esc(v, t, S) as the probability that the walk stays entirely inside
S. Now we are ready to describe the main result of this section.

ProposiTion 3.1. For any set S C V, and integer t > 0,

t
Eyrglrem(v, ¢, S)] > (1 — @) Eprglrem(v,t —1,8)] > - > <1 — @) . (4)

Journal of the ACM, Vol. 63, No. 2, Article 15, Publication date: May 2016.



15:12 R. Andersen et al.

Furthermore, there is a universal constant ¢y > 0 and a subset S' C S, such that
vol(S’) > vol(S)/2, and for all v € S’

2 (5)
We remark that the second statement does not follow from a simple application of the
Markov inequality to the first statement, as this is the case in Spielman and Teng
[2013]. Whence, here both of the results incorporate non-trivial spectral arguments.
Independent of our work, Kwok and Lau [2012] proved a weaker variant of the above
statement. They showed that for any set S, there exists a vertex v € S such that

rem(v,t, S) > (1 — ¢(S)/2).

We refer interested readers to O’'Donnell and Witmer [2012] for a different proof of the
first part of the above proposition (i.e., Equation (4)).

As a corollary, we prove strong lower bounds on the uniform mixing time of random
walks in Section 3.1. In the rest of this section we prove Theorem 3.1.

rem(v, ¢, S) > ¢o <1 - M) .

Proor. First, observe that
rem(v, ¢, S) = (IsPTIs)1,,1s) = (1,, (IsPIs)1g).
So,
Eyrglrem(v, ¢, S)] = (ng, (IsPIs) 1g). (6)

Therefore, by a simple induction on #, Equation (4) is equivalent to the following equa-
tion:

(rs, UsPIg)1g) = (1 — ¢(S)/2)(rs, IsPIs) 1g). (7
Let @ := DY2IgPIgD Y2 and let /75 : V — R, where /7s(v) = /7s(v). First, we
show that Equation (7) is equivalent to the following equation:

(VTs, Q'VTs) = (Vas, QyTs) - (Vas, @' /s). (8)

Then we use Theorem 3.2 to prove the above equation. First, observe that by the
definition of @, for any ¢ > 0,

(ns, IsPIs)'1g) = (ws, DV2Q'DY*15) = (D2ng, @' DY?1s) = (J7s, @' Y7s). (9)
On the other hand,

(s, (IsPIs)Ls) — —(D A4 1)1S>

NJIP—*/\

1
(s, D1 Alg) + §(ﬂsv 1s)

1 1
= ——(1g, Alg) + =

2vol(S)
1 1
= v 1(S)2|E(S)H-
=L ol — as)) + X
= ovol(S) 0 ty
—1-4(9)/2. (10)

where we used E(S) := {(u,v) € E : u, v € S}. Therefore, Equation (8) is equivalent to
Equation (7) using Equation (9) and Equation (10). Next, we prove Equation (8) using
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Theorem 3.2 when f = ,/ms. We need to show |./7s|| = 1 and @ is PSD. First, observe
that

d(v)
IVAsl® =3 msw) =3 s =1

veV veS

It remains to show that @ is PSD. We can rewrite @ as follows:

1
Q= DV?IsPIsD™V/? = EDl/ZIS(D_lA—i— DIsD™ 172

1
= EIS(D_1/2AD_1/2 + DIs =Is(I — L/2)]g. (11)

Therefore, @ is PSD. This is because, on one hand, I — £/2 is PSD as the maximum
eigenvalue of £ is at most 2, and, on the other hand, for any PSD matrix A and any
symmetric matrix B, BAB is also PSD. This completes the proof of Equation (4).

It remains to prove Equation (5). We prove it by showing that for any set T C S,
of volume vol(T7) > vol(S)/2, the random walk started at a randomly (proportional
to degree) chosen vertex of 7 remains in 75 (and S), with probability at least co(1 —
3¢(S)/2), that is,

3¢(S)

t
(rr,, IsPIs) 1r,) > co (1 - T) . (12)

Therefore, in any such set 7', there is a vertex that satisfies Equation (5), so the volume
of the set of vertices that satisfy Equation (5) is at least half of vol(S).
Using Equations (9) and (10), Equation (12) is equivalent to the following equation:

(T, Q VT, = co (3(y/Ts, @YTs) — 2)" . (13)

We prove the above equation using Theorem 3.5. First, recall that from Equation (11),
Q is PSD and its maximum eigenvalue is at most 1. Let Ty = S\T4, and define

fr, == Ir,yTs = \/vol(Ty)r, /vol(S), (14)

fro == In,JTs = \[vol(Tymr, [vol(S).

Since T1 N Te = @, (fr,, fr,) = 0, and || fr, + fr,ll = I /7s|l = 1. Furthermore, since
vol(T1) > vol(S)/2 > vol(To), || fr,|| = |l fr,ll. Therefore, @, fr,, fr, satisfy the require-
ments of Theorem 3.5. Finally, since

(V7T Q') = (fry, @ fry),
Equation (12) follows from Theorem 3.5. This completes the proof of Theorem 3.1. O

Lemma 3.2. Let @ € RV*V be a PSD matrix. Then, for any f : V — R with norm
| £l = 1, and integer t > 0,

Q. )= (R UL )= =(Qf. ).

Proor. Since all of the inequalities in lemma’s statement follow from the first in-
equality, we only prove the first inequality. Let f1, fo, ..., [, be the set of orthonormal
eigenfunctions of @ with the corresponding eigenvalues A1, Ag, ..., A,. For any integer
t > 1, using the spectral theorem,

(Qf, ) =Y _(f. i)} (15)
i=1
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On the other hand, since {fi, ..., f.} is an orthonormal system, we have

n

UL =IfIP=1

i=1
Therefore, using Chebyshev’s sum inequality, see Theorem 3.3 below, we can write

n n

Y UF 2N 0D = Y (F R )

i=1 i=1 i=1
In the above we are using that @ is PSD, that is, ; > 0 for all {, which implies that
A < )»5‘1 if and only if A; < A;. By Equation (15), the above inequality is equivalent
to the lemma’s conclusion. O

Fact 3.3 (CHEBYSHEV’S SUM INEQUALITY). Letay > ag > --- > ap, and by > by > --- > b,
Then, for any probability distribution D defined on 1,2, ..., n,

Eiwpla; - b;] = Eiwp [as] - Eivp [B;].

Variants of Theorem 3.2 have been previously studied in the literature. For example,
the following lemma is proved in Mulholland and Smith [1959] and Blakley and Roy
[1965] (see also London [1966] for various generalizations).

LEmMMA 3.4 ([MULHOLLAND AND SMITH 1959; BLAKLEY AND Roy 1965]). For any non-
negative symmetric matrix @ € RV*V, and any non-negative unit norm f:V — R, and
any integer t > 0,

(Qf, ) = (Qf. ).

We remark that for even values of ¢ the above lemma can be proven by an argument
similar to Theorem 3.2 using the Jensen’s inequality instead of the Chebyshev’s sum
inequality.

LemMA 3.5. There is a universal constant ¢y > 0 satisfying the following. Let @ € R™"
be a PSD matrix with eigenvalues at most 1. For any integer t > 0, and any f,g € R"
such that (f.g) =0, |f +gll=1 and | fl = lgl,

(Q'f. ) = coB(Qf +2).(f +8) —2).

Proor. Let h := f + g. Since f is orthogonal to g, we have |g|?2 < 1/2 < | fI>.
Let f1, fo,..., fn be the set of orthonormal eigenfunctions of @ with corresponding
eigenvalues A1, Ag, ..., A,. Let @ > 0 be a constant that will be fixed later in the proof.
Define B:= {i : |, ;)| = a|(g, [;)|}. First, observe that,

n

1
Qf, )= Z(ﬁ ﬁ)z)\f > Z(ﬁ ﬁ)%\f > m Z(h, fi>2)\lt" (16)
i=1 ieB ieB

where the equality follows from Equation (15), the first inequality uses the assumption
that @ is PSD, and the last inequality follows from the definition of B, that is, for any
i € B, (f. ;)2 = ((h, f;)/(1 + 1/a))®. Let s := Y, _p(h, f;)?. First, we lower bound s by a
function of «, and then we use the Jensen’s inequality to lower bound the right-hand
side of (16),

s=Y (b f)?=1=) (b f*=1-0+a) (@& )

icB i¢B i¢B
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where the second equality uses ||k| = 1, and the last inequality follows from the fact
that for any i ¢ B,

(hy £2 < (LF £+ g, F)D? < (alig, £l + g, F)D? = L+ a)P(g, )2

Now, since ||g||? < 1/2, we lower bound s as follows:

]__
s>1-1+agl* > ————. (17)

On the other hand, since @ is PSD, using Jensen’s inequality,

t
12 121 lz 42
; (h7 ﬁ) )"i 2 <S <h7 ﬁ> A‘L)

ieB ieB
> (Z?:ﬂh, fi)z)vi - (1 —8)>t
- s
1—(Qh.h)y \
= (1_ (1—a2—2a)/2> : (18)

where the second inequality follows from the assumptions that max;<j<, 4, < 1, and

that ||2|| = 1, and the last inequality follows from Equation (17) and that (@h, h) < 1.

Putting Equations (16) and (18), and letting o = 0.154, we get

—a? —2u)/2 1—(Qrn.h \' 1
1- . ——(3(Qh, h) — 2))".

1+1/a)? ( (1—a2—2a)/2> = (3(Qh. B} —2))

~ 200
Letting ¢ := 1/200 proves the lemma. O

@f =

3.1. Lower Bounds on Uniform Mixing Time of Random Walks
In this section we prove lower bounds on the mixing time of reversible Markov chains.
Since any reversible finite state Markov chain can be realized as a random walk on a
weighted undirected graph, for simplicity of notations, we model the Markov chain as
a random walk on a weighted graph G.

The e-mixing time of a random walk in total variation distance is defined as

7y (€) := min {t : Z IP,[X; =v] —7(v)| <€,Vu e V} .
veV

The mixing time of the chain is usually defined as 7y (1/4). The e-uniform mixing time
of the chain is defined as
P, [X; = v]

T(e) 1= min{t: ‘1— ey

<e,Vu,veV}. (19)

It is worth noting that the uniform mixing time can be considerably larger than the
mixing time in total variation distance.

Let ¢(G) := ming.ois)<vol(v)/2 ¢(S). Jerrum and Sinclair [1989] prove that the e-
uniform mixing time of any /azy random walk is bounded from above by

(e) < 2 (log ! +10g1>
T (G min, 77 (v) e)

On the other hand, one can use ¢(G) as the bottleneck ratio to provide a lowerbound
on the mixing time of the random walks. It follows from the Cheeger’s inequality that
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(see, e.g., Levin et al. [2006, Section 7.2]),
1
1/4) > ——.
tv(1/4) > 100
In the next proposition we prove stronger lower bounds on the uniform mixing time
of any reversible Markov chain.
ProrosiTionN 3.6. For any (weighted) graph G = (V, E), any S C V with vol(S) <
vol(V)/2, and 0 < € < 1, if (S) < 0.7, then
log(vol(V)/(1 + €)vol(S))
t(e) > -
2¢(S)
Proor. Let ¢t > —log((1 + €)7(S))/2¢(S) — 1 be an integer. Since the random walk
is not necessarily a lazy walk, P is not necessarily a PSD operator, so we cannot

directly apply Theorem 3.1. Instead we can use Theorem 3.4 that does not need a PSD
assumption. So, for @ = DYV2IgPIsD~1/2,

Eyrs [rem(v, ¢, S)] = (Q' /75, V/7s) = (Qv/Ts. vTs) = (1 - (),

where the first equality follows from Equations (6) and (9), and the last equality follows
from Equation (10). Thus, there exists a vertex u € S such that

rem(u, t, S) > (1 — ¢(S)) > (1 + €)n(S),

where in the last inequality we used the assumption that ¢(S) < 0.7. Since Px,—,[X; €
S] > rem(u, ¢, S), there is a vertex v € S such that,

Pluv)  PxulX eS8l A+eonS) o
7(v) 7(S) 7(S)

where the first inequality uses Px,-,[X; € S =) ¢ Pi(u, v). Therefore, W > ¢,
and using Equation (19), t(¢) > ¢. O

1.

We remark that the above bound only holds for the uniform mixing time, and it can
provide much stronger lower bound than the bottleneck ratio, if vol(S) « vol(V).

4. ALMOST OPTIMAL LOCAL GRAPH CLUSTERING

In this section, we show how to find sets with small conductance by generating sample
paths from the volume-biased ESP. The following theorem is the main result of this
section. We show that for any target set A and ¢ > 0, if we simulate the volume-
biased ESP starting from certain vertices of A for 7' = ®(e log vol(A)/¢(A)) steps, then
with probability of at least Q(vol(A)~¢) one of the observed states has conductance

O(/¢(A)/e) and volume O(vol(A)1+¢).

THEOREM 4.1. Let A C V be a set of vertices of volume vol(A) < k and conductance
¢(A) < ¢. For any € € (0,1), fix T = eloghk/3¢. There is a universal constant co > 0,
and a subset A' C A of volume vol(A') > vol(A)/2 for which the following holds. For any
v € A, with probability of at least cok™¢/8, a sample path (S1, Ss, ..., St) of the volume
biased ESP started from Sy = {v} satisfies the following:

(1) For somet €[0,T1, ¢(S;) < ®.(¢), where ®.(¢) := \/100(1 —logco)g/e,
(2) Foralli € [0,T1], vol(S; N A) > cok~¢vol(S;)/2, and henceforth,
(3) Foralli e [0,T], vol(S;) < K.(k), where K (k) := 2kt /cy.

The proof of Theorem 4.1 is at the end of this section, after we present two necessary
lemmas. Consider a sample path from the volume-biased ESP. The following lemma
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shows it is unlikely for the sample path to contain many sets with large conductance.
In particular, we show that, for any stopping time t, with probability of at least 1 —1/«,

there is a set of conductance of at most O(\/ % log(a - vol(S,))). Intuitively, this is true

because at each step the quantity vol(S;) tends to increase at a rate that depends on
¢(Sy). Eventually, the sample path will absorb in the state V, whose conductance is
$p(V)=0.

LemmA 4.2. For any starting set Sy € V and any stopping time t for the volume-biased
ESP,

~ < 2 ~ vol(S,)
Es, [g #(S;) } < 4E |:10g voll SO)} < 4logvol(V).

Moreover, for any o > 1,

P, [Z«»Z(si) <8 (loga +log wﬂ 11

- vol(So) o

Proor. The idea is to define a martingale M, using the rate of change at each step
1 — ¥(S;) and then use the optional stopping theorem to lower bound the growth in the
size of the set at the stopping time 7. We define

/vol(Sy) i1

M, := F,——. where F, := [ [(1 - ¢(S;)™", and Fy := 1, (20)

t t ;
V' vol(S;) o

First, we verify that (M;) is a martingale in the volume-biased ESP:
—~ -~ 1
EIM,(So. ... Si1] = JVol(Sp)FE [m | SH}

thﬁs [m}
VVol(S,—) 7 [ /vol(S,—1)
V/vol(So)

= F,—— (1 —¢¥(S;_

t Vol(St,l)( Y(Si-1))
B vol(Sp) B
= til—vol(St_l) =M; 4,

where the third equality follows from Theorem 2.3; also see Theorem 2.2 for the defini-
tion of growth gauge, v/(.). Let t be a stopping time for the volume-biased ESP. By use
of the optional stopping theorem for non-negative martingales (see Williams [1991]),
we have

EIM,] =M, = 1.

Then, by applying Jensen’s inequality, and Markov’s Inequality to the above equation,
we have

Ellog M,] < log(E[M,]) =0, (21)
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Pllog M, <loga] > 1— % (22)
By the definition of M.,
log M, = logF; + %log ZZiEg‘:;
-1
= logil:! TS % og%
S
> 2 gd)%si) - 5 log e,

where the first inequality follows from the fact that 1/(1 — ¥(S;)) > e¥'5)_ and the last
inequality follows from Theorem 2.2. The first statement of the lemma follows from
taking expectation of both sides of the above inequality and using (21), and the second
statement follows from putting (22) and the above equation together. O

The previous lemma shows that for any %, ¢ > 0, if we can run the process for
T =~ elogk/$ steps without observing a set larger than 2%V, then, with probability
1 — 1/k, one of the sets in the sample path must have a conductance of O(\/¢/¢), which
is what we are looking for. Using the following lemma, together with Theorem 3.1, we
can show the above event occurs with some non-zero probability. That is, for any € < 1,
with probability at least ~ £~¢, the volume of all sets in the sample path of the process
are at most O(k!*).

LEmMmA 4.3. For any set A C V, vertex v € A, and integer T > 0, the following holds
forall B > 0:
P [ma vol(S;\A)
v X —————
t<T  vol(S;)

Proor. We use the Diaconis-Fill coupling between the volume-biased ESP Markov
chain (S;) and the random-walk Markov chain (X;). Recall that for any ¢ > 0,

. d(w)
P [)(t—u|S0,...,St] = mﬂ[uest]
Fix a value A € [0, 1] and let 7 be the first time ¢ when vol(S;\A) > Avol(S;), or let T = o0
if this does not occur. Consider the probability that X, ¢ A, conditioned on S;:
dw)  vol(S\A)

vol(S) — vol(S)

> Besc(v, T,A)i| < %

PX, ¢A|S. =Sl= )
ueS\A

By the definition of t, we have P*[X, ¢ A|t < T] > A, so
esc(v, T, A) = P*[UL(X; ¢ A)]
PX, ¢ ArnTt <T]
PX, A7t <TIP*[rt <T]
> AP [t <T1].

v
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Therefore
esc(v, T, A)

=~ vol(S;\A)
|: t<T A

P, Voo
T vol(S)

The lemma follows by taking A = Besc(v, T, A). O

>)\i|=P*[‘L'§T]<

We now combine the results from this section to prove Theorem 4.1. The proof simply
follows from applying the union bound to argue that with some non-zero probability
there is a small non-expanding set in the sample path of the volume-biased ESP.

Proor or THEOREM 4.1. If ¢ > 1/2, then we simply return v. Otherwise, assume
¢ < 1/2. We let ¢ be the constant defined in Theorem 3.1. Let A’ be the set of vertices
v € A such that

2

By use of Theorem 3.1, vol(A’) > vol(A)/2. In the rest of the proof, let v be a vertex in
A'. We have

T
rem(v, T, A) > cg (1 - &i)—(A)) .

elogk

3¢
) S 1 - COk_e,

T
esc(v,T,A)fl—co(l—&%(A)> 51—0()(1—3;

where we used ¢ < 1/2. Now, let B := 1 + cok~¢/2. By use of Theorem 4.3, we have

= 1 A —€ 1 —€
P, [I%x% < Bescv.T. A) <1 & ] S Coi .
Since for any S c V, vol(S\A) + vol(S N A) = vol(S), we have
~ vol(S;NA)  cok¢ cok™¢
P, .
[13?%1 voliS)  — 2 } =7
On the other hand, let @ := k. By use of Theorem 4.2, with probability 1 — 1/k, for some
tel0,T],

8(log & + log vol(St))
7 )

T
1
$*(S) = ZO $2(S;) <
Therefore, since € < 1, using the union bound we have

—~ o vol(S,NA)  cok€ . \/8(logk+logvol(ST)) cok¢
P“[w vol(S)  — 2 AELIRZCOE T -3

Finally, since for any set S C V, vol(S N A) < vol(A) < &, in the above event, vol(Sy) <

1+e
%T‘ Therefore,

1+e —
S5 < \/8(logk+log(2k Jeo) _ \/100(1 logco)d.
T €
which completes the proof. O

5. SIMULATING THE VOLUME-BIASED EVOLVING SET PROCESS

In this section, we describe a subroutine GenerateSample that simulates the volume-
biased ESP until a certain stopping time r is reached, generating a sample path
(So, ..., S;) and producing as output the set S;. We choose t to be the first time that
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S; has sufficiently small conductance, while the volume of S; is sufficiently small. We
assign a cost to each sample path that depends on the boundaries of the sets in the
path and the difference in volume between successive sets. We then show that the
work performed by GenerateSample is O(polylog(n)) times the cost of the sample path
it generates.

At the end of this section we prove the main Theorem 1.1. We design an algorithm,
EvoPar, that runs multiple copies of the volume-biased ESP and returns the first small
non-expanding set S; that GenerateSample finds. To bound the work/volume ratio of
EvoPar, we directly bound the expected ratio between the cost of (Sy, ..., S;) and the
volume of S;.

Definition 5.1. The cost of a sample path (Sy, ..., S;) is

t
cost(S, ... 8p) := vol(So) + Y _ (vol(S;AS; 1) + 3(S;-1)), (23)
i=1

where A denotes the symmetric difference between two sets.

Definition 5.2. Given integers T', B, K, and ® € [0, 1] let (T, B, ®, K) be the first
time one of the following occurs:

(1) ¢(S;) < @, and vol(S;) < K.
(2) t =T or cost(Sp, ..., S;) > B.

The following proposition shows that GenerateSample generates a sample path from
the volume-biased ESP with stopping rule (7', B, ®, K) and that its complexity is at
most O(logn) times the cost of the sample path it generates. The complexity is also
bounded by O(Blogn).

ProrosiTioN 5.3. The algorithm GenerateSample(v, T', B, ®, K) takes as input a vertex
v and integers T, B, > 0 and ® € [0, 1]. Let Sy = {x} and let T = ©(T, B, ®, K). The
algorithm generates a sample path (Sy, ..., S;) and outputs the last set S;. The following
hold.

(I) The probability that GenerateSample generates the sample path (S, ..., S;) is
PU[SO7 M ST]~
(2) If GenerateSample generates (Sy, ..., S;), then its output is S, and its complexity is

O(log n) min(B, cost(Sy, ..., S)).

The description of GenerateSample and the proof of Theorem 5.3 are given in Section 5.1.

In the following theorem, we bound the expected ratio between the cost of the sample
path (Sop, ..., S;) and the volume of S;, which is later used to bound the work/volume
ratio for EvoPar.

TurEOREM 5.4. For any starting set Sy and any stopping time t that is bounded by T,
we have

Es, [M} <1+4/T logvol(V).

vol(S;)

The proof uses a martingale argument and the transform between the ESP and
volume-biased ESP. It bounds the work/volume ratio in a more direct way than previous
local partitioning algorithms, which required the user to guess the approximate volume
of the output set [Spielman and Teng 2004, 2013; Andersen et al. 2006].
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Proor. Let ¢; be the cost of the step in which S; is selected,
ci :=vol(S;AS;_1) + 3(S;_1).

We define cg := vol(Sy) and recall that cost(Sy, ..., S;) =co+ - +c.
Consider the conditional expectation of ¢; in the ESP. We have

Elc; | S;-1] = E[vol(S;AS;_1) | Si—1] + 3(S;_1).

We now compute the expected volume of the symmetric difference. Let Z be the uniform
random threshold used to select S; from S;_; in the ESP, and recall that S; € S;_1 when
Z>1/2and S; 1 C S; when Z < 1/2. By Theorem 2.1,

E[vol(S;AS;_1) | S;_1] = E[vol(S;) — vol(S;_1)| | S;_1]
- %E [vol(Si) —vol(S;_;) ‘ S 1.7 < %}

+ %E |:vol(Si_1) —vol(S;)

1
Si_1,Z > 5]

1 1
= 53(5371) + 58(5’1‘71) = 3(S;_1).

Therefore, Elc; | S;_1] = 20(S;_1).
Let R; := %&)&), and consider the conditional expectation of R; in the volume-
biased ESP. Using Theorem 2.3,

cost(Sy, ..., S;) vol(S;)
vol(S;) vol(S;_1)

E[R | So.....S4] = E[ So,...,St_l]

1
= — ' S +E S
Vol(St,l)(COSt(SO’ ,Si-1) + Elee | So, ..., Si-1])

1
= ————(cost(So, ..., Si—1) + 20(S;-1)) = Ri—1 + 2¢(S;—1).
vol(S;_1)

We define

t
M,:=R - @. where @Q:=1+2) ¢S 1.

i=1

By construction, (M;) is a martingale in the volume-biased ESP. Notice that M, =
Ry—1 = 0. Now let 7 be an arbitrary stopping time that is bounded by 7'. By the optional
stopping theorem for martingales (see Williams [1991]), we have E[M;] = M, = 0, so
E[R,] = E[Q.]. By Cauchy-Schwarz,

T-1 T-1
Y oS = VT | (S

i=0 i=0
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By Jensen’s inequality,

T-1
E[R] =E[Q] <E[Qr] = 1+2)  ¢(S)
=0
. T-1
< 1+2VTE| | ) ¢%S)

1=0

T-1
1+2VT |E [Z ¢2(si)} <1+ 4T logvol(V).
i1=0

IA

In the last step, we used Theorem 4.2. 0O

5.1. Implementing Volume-Biased ESP

In this section we describe the subroutine GenerateSample and we prove Theorem 5.3.
At a high level, GenerateSample simulates the volume-biased ESP by updating the
boundary of the current set at each step. We define §(S) to be the two-sided vertex
boundary of S,

§(S):={v:iveSrew,S)>0U{v:veSAel>S) >0}

The algorithm maintains a dynamic data structure that stores the current state S,
its two-sided boundary §(S), and the values of p(v, S) for vertices in the two-sided
boundary. This allows the algorithm to ignore the vertices in the interior of the set
when selecting the next state. The complexity of GenerateSample is dominated by the
work required to iterate over the boundary of the current set, select the next state
using the stored values of p(v, S), and update the set-with-boundary data structure.

The following proposition describes the set-with-boundary data structure that is used
by GenerateSample.

ProposiTioN 5.5. There is a set-with-boundary data structure S that supports these
operations:

—add or remove a vertex v from S in time O(d(v) logvol(S)).
—get the value of e(v, S), I[v € S], or p(v, S) in time O(logvol(S)).
—iterate over the vertices in the boundary of 5(S) in time O(|8(S))).

Proor. The set-with-boundary data structure can be implemented using two stan-
dard dictionary data structures. We maintain a memabership dictionary M that contains
the vertices in the set S and a boundary dictionary B that contains the vertices in §(S)
and stores the associated value B(v) = e(v, S) for each v € §(S). These dictionaries must
support the following operations: inserting and deleting a key and its value, checking
whether a given key is in the dictionary, and looking up the value associated with a
key. A red/black tree supports these operations in the O(log N) worst-case time per
operation, where N is the number of keys currently in the tree (see Cormen et al.
[2009]).

The value of I[v € S] can be computed by checking whether v € M. For any vertex
v € V, the value of e(v, S) can be computed using two lookups, one into the membership
dictionary and one into the boundary dictionary:

Bw) ifve B,
e(v,S)={dw) ifv¢gBandv e M, (24)
0 ifvegBandv ¢ M.

It is straightforward to compute p(v, S) from e(v, S) and I[v € S].
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Each time a node v is added or removed from S, we update the membership dictio-
nary. For each neighbor u ~ v, we increment or decrement the value of e(x, S) in the
boundary dictionary. For each node u that was updated (including v and its neighbors),
we determine whether the node is contained in §(S) by examining the values of e(u, S)
and I[u € S] and then add or remove u from the boundary dictionary when necessary.
In total, adding or removing v takes O(d(v)) dictionary operations. The size of either
dictionary is O(vol(.S)), so each dictionary operation takes time O(logvol(S)). O

We now describe GenerateSample. The input is a starting vertex v, a time limit 7' > 0,
a budget B > 0, a target conductance ®, and a target volume K. Note that each of the
® or K may set to infinity. The output is a set S; sampled from the volume-biased ESP
with the stopping rule t = (T, B, @, K). The algorithm simulates the volume-biased
ESP using the coupling described in Theorem 2.4. It uses an instance S of the set-with-
boundary data structure to maintain the current state S; and also stores a vertex X that
represents the current walk position X;. Initially, S = Sy = {v} and X = Xy = v. The
algorithm proceeds in steps. At the beginning of step £, we have S = S; ; and X = X;_;.
The algorithm continues until the stopping time t is reached, then outputs S;.

Each step has two stages. In the first stage we select S; and compute a list of the
vertices that need to be added or removed from S;_; to form S;. This stage requires
0O(1) + O(8(S;_1)) operations. We stop after the first stage if cost(Sy, ..., S;) > B. Oth-
erwise, we proceed to the second stage in which we update S to S;, which requires
0O(1) + O(vol(S;AS;_1)) operations. We stop after the second stage if the stopping time
(T, B, ®, K) is occurred. Each operation is either a constant time operation or a dic-
tionary operation requiring time O(logn).

In stage 1, we begin with X = X;_; and then update the walk particle. Given that
X; 1 =v;_1, we choose X; = v; with probability p(v,;_1, v;) and update X = X;. We assume
that a random neighbor of v;_; can be selected in time O(log n). We compute p(v;, S) by
a lookup into the set-with-boundary data structure and select a random threshold Z
uniformly from the interval [0, p(v;, S)]. At this point we define S; = {u | p(u, S;_1) > Z},
but we do not yet update S to reflect S;. Instead, we create a list D of the vertices in
the set difference S;AS;_1. We populate the list by iterating over each node u € §(S),
looking up the value of p(u, S;_1) and comparing this value with the threshold Z. While
doing this, we update the values of vol(S;) and cost(Sy, ..., S;). We the check whether
either of the stopping conditions ¢ = T or cost(Sy, ..., S;) > B is satisfied. If so, then
we stop and output S; = S;_1AD. Otherwise, we proceed to the next stage.

In stage 2, we update S to S; by adding or removing the vertices from D. While making
these updates to S, we also update 9(S;_1) to 3(S;). We compute ¢(S;) = 3(S;)/vol(S;)
and check whether ¢(S;) < ® and vol(S;) < K. If so, then we halt and output the set S;.
Otherwise, we proceed to the next step.

Proor or THEOREM 5.3. By construction, GenerateSample simulates the coupling from
Section 2.5. By Theorem 2.4, the sequence (Sy, ..., S;) it generates is a sample path
from the volume-biased ESP.

Let ¢; := 3(S;_1) + vol(S;_1AS;). We will show that the number of operations per-
formed in step ¢ is O(c;). Each operation is either a constant time operation or a
dictionary operation requiring time O(logn). The number of operations performed in
stage 1 is dominated by step 7 in 1, in which lookup operations are performed for
each vertex in O(5(S;_1)). This requires O(1) + O(3(S;_1)) operations. The number of
operations performed in stage 2 is dominated by step 13, in which the vertices from
S;_1AS; are added or removed from the set-with-boundary data structure S. Using
Theorem 5.5, this requires O(1) + O(vol(S;AS;_1)) operations. In total, the number of
operations required in step ¢ is

O(9(S;-1) + vol(S;-1ASy)) + O(1) = O(cy).
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ALGORITHM 1: GenerateSample(v, T, B, ®, K):

Input: A starting vertex v, and three integers T', B, £ > 0, and a target conductance
0<d<1.

Output: A set S; sampled from the volume-biased ESP with stopping rule t =
(T, B, @, K).

Internal State:
S = an instance of the set-with-boundary data structure.
X = the current location of the random-walk particle.

We also maintain the current values of 3(S), vol(S), and cost(Sy, ..., S).
Initialization: S = Sy = {v} and X = vy = v.
1: fort=1— T do > Loop assumptions: S = S; ; and X=X, ;.
2: Stage 1 (Select the vertices to add or remove from S):
3: Given X; 1 = v;,_1, select v; with probability p(v;_1,v,) and update
X« X = v,
4: Lookup p(vs, S;-1) and pick Z uniformly at random from the interval

10, p(ur, Se_1)l.

5: Define S; = {u | p(u, S;-1) > Z}, D = 0.

6: for all u € §(S;_1) do

7: Lookup p(u, S;_1). Ifu € S;_1AS;, then add u to D.

8: end for

9: Update vol(S;) and cost(Sy, ..., Sy).

10: Ift =T or cost(Sy, ..., S;) > B, then return S; = S;_1AD.

11: EndStage 1

12: Stage 2 (Update S):

13: Update S to S; = S;_1AD by adding or removing the vertices in D from S.
14: Update 3(S;), ¢(S;) = 3(S;)/ vol(Sy).

15: EndStage 2

16: If ¢(S;) < @, and vol(S;) < K, then return S,.

17: end for

The O(1) term above can be ignored safely because 9(S;_1) > 0 for ¢ < t. We define ¢g =
d(vg) = vol(Sy) to account for the work required to create Sy. Then, the total number of
operations performed by GenerateSample is O(co+, ..., +c¢;) = O(cost(Sy, ..., S;)).

If cost(Sy, ..., S;) > B, then GenerateSample halts after stage 1 during step t, and the
number of operations performed in step 7 is O(3(S;_1)). The total number of operations
performed is therefore

O(cost(So, ..., S;-1)) + 3(S;_1) = O(2B),
because 3(S;_1) < vol(S;_1) < cost(Syp, ..., S;_1) < B. The proposition follows. O

5.2. Proof of the Main Theorem

In this subsection we finally prove Theorem 1.1. To prove Theorem 1.1, we can simply
run k¢ copies of the volume-biased ESP in parallel. By Theorem 4.1, with a constant
probability at least one of the copies finds a non-expanding set. We bound the time
complexity of the algorithm using Theorem 5.3 and Theorem 5.4. The details of the
algorithm is described in 2.

Now we are ready to prove Theorem 1.1.

THEOREM 1.1 (MAIN). EvoPar(v, k, ¢, €) takes as input a starting vertex v € V, a target
conductance ¢ € (0, 1), a target volume k, and 0 < € < 1 and outputs a set of vertices. For
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ALGORITHM 2: EvoPar(v, k, ¢, €)

T < elogk/6¢.

Run %¢/2 independent copies of GenerateSample(v, T', 0o, D 2(¢), Kej2(k)), in parallel.
As soon as any of the copies finds a set S, of volume vol(S) < K 2(k), and conductance
¢(S) < D¢ 2(¢), stop the algorithm and return S.

a given run of the algorithm let S be the output and let W be the computational complex-
ity of the algorithm. Then, S and W depend on the randomness of the algorithm, and

(1) The work per volume ratio W /vol(S) satisfies,
E[W /vol(S)] = Ok ¢~ % log® n).

(2) If A C V is a set of vertices that satisfy ¢p(A) < ¢, and vol(A) < k, then there is a
subset A C Awith volume at least vol(A)/2, such that if v € A, then with a constant
probability S satisfies,

(@) ¢(S) = O(/p/e),
(b) vol(S) = O(k'*e).

Proor. Let A be as defined in Theorem 4.1. First, for any v € A’, using Theorem 4.1,
each copy finds a set of volume K, 2(k) and conductance @, 5(¢) with probability Q(k~</%);
in this case the algorithm will output a set satisfying theorem’s statement. But, since
k</? copies are executed independently, at least one of them will succeed with a constant
probability. This proves the correctness of the algorithm.

It remains to compute the time complexity. Let ¢ := k2 be the number of copies
and Wy, ..., W, be random variables indicating the work done by each of the copies
in a single run of EvoPar, thus ) ; W; is the time complexity of the algorithm. Note
that it is possible that W; < W; for some i # j, since the ith copy may stop without
finding any small non-expanding sets. Let S,,; be the output of the algorithm. If the
algorithm returns the output of the i-th copy, then we define I, = 1/vol(S,,;) and we
let I; = 0 otherwise. Also,Alet I := " I;; note that if the algorithm returns the empty
set, then I = 0. We write P! [.] to denote the probability measure of the /-independent

volume-biased ESP all started from Sy = {v}, and Eﬁ [.] for the expectation. To prove
the theorem it is sufficient to show

¢
E' [1 > Wl} = Ok ¢~ 210g? n).
i=1
By linearity of expectation, it is sufficient to show that for all 1 <i <&,
. 4
E)| L)Y W;|=0&"?¢""?log’n),
j=1

By symmetry of the copies, it is sufficient to show the above equation only for i = 1.
Furthermore, since conditioned on I; # 0, Wy = max; W;, we just need to show

E{[LWi] = O(¢p~12log? n),

Let r be a t(T', oo, ®./2(¢), K. 2(k)) stopping time for the first copy, S; be the output, and
Wi(7) be the amount of work done by that time. Note that we always have W; < Wy(t)
because the first copy may be stopped since one of the other copies succeeded. Since I; <
1/vol(S,), for any element of the joint probability space we have Iy Wy < W1(z)/vol(S;).
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Therefore,

E [ W;] <E! [ Wa(z) } =E, [ W)

vol(S;) vol(S;)

where the second-to-last equation follows from Theorem 5.4 and Theorem 5.3. O

} = O(T'210g®?*n) = O(¢p~Y?10g®n),

6. FINDING BALANCED CUTS

Spielman and Teng [2013] studied local graph clustering algorithm for their goal of de-
signing almost linear time approximation algorithms for the balanced separator prob-
lem. Although the spectral clustering algorithm finds a square-root approximation for
the sparsest cut problem, the output set may be very small, so to obtain a balanced cut,
one needs iterated applications of the algorithm that can result in quadratic running
time.

Using a local graph clustering algorithm, we can guarantee that the size of the output
is proportional to the running time of the algorithm. Therefore, by iterated applications
of local graph clustering algorithms in a time proportional to the size of the graph we
can a find an almost balanced cut. Say we are looking to find a nonexpanding set with
volume Q(m/B) where B = ©(m¢) encodes the balancedness of the cut. First, we design
an algorithm, EvoNibble (analogous to the Nibble algorithm of Spielman and Teng
[2013]), with a running time m¢/,/¢ up to polylogarithmic factors, that returns a set .S
where S is either an empty set or a set with small conductance and it contains Q(ﬁzim)

fraction of the target set in expectation. The EvoNibble simply runs the GenerateSample
procedure from a uniformly random vertex of G with a random budget that is at most
polylog(n) in expectation.

Later, in Section 6.2, we describe EvoPartition thatis an adaptation of the EvoNibble
algorithm of Spielman and Teng [2013]. The EvoPartition iteratively calls and extracts
the output of EvoNibble from G. Since the output of EvoNibble contains Q(tz%m ) fraction
of the target set, after mpoly(p) iterations, the union of the output sets is a f-balanced
cut (in expectation). When this event occurs, the EvoPartition stops and returns this
cut. Therefore, EvoPartition runs in time mpoly(8)/+/¢ up to polylogarithmic factors
and returns a g-balanced cut with a constant probability. Since for any two disjoint
sets S1, S, #(S1USs) < max{¢(Sy), ¢(Ss)}, it follows that the conductance of the output
B-balanced cut is at most square root of the target cut, up to an error of O(1/./e).

6.1. EvoNibble
In this section we describe the subroutine EvoNibble. We use the parameter

_ Kvol(V)

vol(V) = 2vol(V) /cy.

ALGORITHN 3: EvoNibble(g, €)

Let T = elogvol(V)/3¢.

Choose a random vertex X € V with probability P[X = v] = d(v)/ vol(V).

Choose a random budget as follows. Let Jnhax = log, vol(V), and let J be an integer
from [0, Jmax] chosen with probability P[J = j] « 27/. Let By = 160827, where « =
1+4,/T logvol(V).

Compute S = GenerateSample(X, T, By, ®.(¢), 00).

If (S) < ®.(¢) and vol(S) < vol(V)/2, then output S. Otherwise output @.
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ProposiTioN 6.1. The randomized algorithm EvolNibble(¢, €) takes as input ¢, € €
(0, 1) and outputs a set S C V. The following hold:

(1) The expected complexity is O(vol(V )¢ ¢~1/21og® vol(V)).
(2) Either S = 0 or S satisfies ¢(S) = ®.(¢) and vol(S) < vol(V)/2.
(3) For any set A C 'V that satisfies B vol(A) < vol(V)/2 and ¢(A) < ¢,

[vol(S N A)} - 1
vol(A) |~ 328%vol(V)’

Proor. First we prove conclusion (1). Let W be the complexity of the algorithm. By
Theorem 5.3 and Theorem 5.4, we have

E[W | J1 = O(B,logvol(V)) = O(a2” log vol(V)),

The expected complexity is

EIWl = ) EIW|J =jIP[J =]
J€l0, Jmax]
= Z O(af2’ logvol(V)O(27)
J€l0, Jmax]
= O(afJpax logvol(V))

Ool(V) log®(vol(V))g~1/2),

where in the last equation we used o = O(log vol(V)\/€/®).

Conclusion (2) is immediate from the definition of the algorithm. We now prove
conclusion (3). Let S,,; be the output of EvoNibble. Let X be the starting vertex. Let A
be a set that satisfies the requirements of conclusion (3), and let A C A be the subset
defined in Theorem 4.1. We will prove the following:

ifv e A, then E[vol(S,; N A) | X = v] > 1/16p2. (25)

After that, conclusion (3) follows by taking the expectation over the choice of the starting
vertex:

E[vol(S,u: N A)] = Z E[vol(S,u: N A) | X = v]P[X = v]

veV

1 vol(A)

. PXeA]> Y
= Tz XAl =z gom v

We now prove (25). Consider a sample path from the volume-biased ESP started from
{X}, and let T = ©(T', 0o, ®(¢), o0). Let £ be the event that all of the following hold:

(1) cost(So, ..., S;) < 8ap - vol(S,),
(i) ¢(S;) < D(9),
(iii) vol(S; N A) > vol(S;)/B.
(iv) vol(S;) < vol(V)/2,

Note that item (iv) is just a consequence of (iii) and the assumption that g8 vol(A) <
vol(V)/2. Using Theorem 4.1, if v € A, then (ii) and (iii) hold with probability 1/48; on
the other hand, using Theorem 5.4 and Markov inequality, (i) holds with probability
1 — 1/88. Therefore, using the union bound, if v € A, then P[£ | X = v] > 1/88.

The subroutine GenerateSample(X, T, B, ®.(¢), 00) returns the set Si:r Bo.4).00)
rather than S;. To deal with this, we define the events £ = £ A (vol(S,) € [2/, 2/%1)).
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Note that
(cost(So, ..., S;) | £;) < 16ap2’/ = B;.

This implies that if the event (5 i A(J = j)) holds, then S,.; = S:(r.B.0.(4).000 = S, and,
furthermore, vol(S,,; N A) > 2//B. For any v € A, we have

E[vol(Sy, N A) | X = v]
> Y Evol(Se NA) | X=v,J = j, IPIE; | X = vIP[J = ]
J €10, Jmax]

Y 2@ ple | X =

J€I0, Jmax]
1
=55 2 PlEIX=0l
J€10, Jmaxl
> Lpe x=u] >
—_— =0 .
~ 28 ~ 16p2

This establishes (25) and completes the proof. O

6.2. EvoPartition

The algorithm EvoPartition described in the following theorem is constructed by
substituting the subroutine EvoNibble for Nibble in Spielman and Teng’s algorithm
Partition. The proofis just an adaptation of Spielman and Teng [2013, Theorem 3.2].

ALGORITHM 4: EvoPartition(¢, €)
1 Vo=V,S=0,t=968%2m= O(m!*2).
2: for j=1— ¢do
3: Compute P; = EvoNibble(2¢, €) on G[V;_4].
4: S=Su Pj.
5: Vj = ijl\Pj.
6: Ifvol(V;) < vol(V)/2, return S.
7: end for
return S.

The following is the main theorem of this section.

THEOREM 6.2. The randomized algorithm EvoPartition(¢) takes inputs ¢, € € (0, 1),
and it outputs a set S C V. The expected complexity is O(m'+3¢¢p=—1/2 polylog(n)), where
m = vol(V). S satisfies the following:

(1) vol(S) < 3vol(V)/4.
2) If S # 0, then ¢(S) = O(/d/e).
(3) If A C V is any set satisfying ¢(A) < ¢ and B vol(A) < vol(V)/4, where B = O(mS),
then with probability at least 1/2, at least one of the following holds:
(3.a) vol(S) > vol(V)/28,
(3.b) vol(S N A) > vol(A)/2.

We remark that in the specific application of the balanced separator problem, we can

only guarantee ¢(S) = O(,/¢ log n) in the worst case. In particular, if every set of volume
at most vol(V')/4 is highly expanding, then we can only invoke the above theorem for ¢ =

©(1/logn); this implies a \/logn dependency on n in the conductance of the output set.
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ProorF. Itis easy to see that the expected complexity of the algorithm is O(m!+3<¢—1/2
polylog(n)). This is because we execute the loop for O(m!*%¢) iterations, and, using
Theorem 6.1, the complexity of each iteration is O(m$~1/2 polylog(n)).

Let S, be the output of the algorithm. Conclusion (1) is easy to verify. For any 1 <
J < m*2% vol(P)) < vol(V;)/2 < vol(V)/4. Therefore, vol(S,,) < 3vol(V)/4. Conclusion
(2) simply follows from the fact that the conductance of the union of two disjoint sets
is less than the maximum of their conductances. That is,

¢ (Sour) < max P(Pj) < ®(2¢) = O(y/¢/e).

It remains to prove (3). For 1 <i < ¢, define the random variable
vol(P; N A)
T T vol(A)
If the algorithm stops before the i-th iteration of the loop, then we let X; = 0. Let &;

be the event that Z{lei > 1/2. Since P, P», ... are disjoint, if £; occurs for some
J < ¢, then conclusion (3.b) is satisfied and we are done. Let F; be the event that
vol(V;) < vol(V)/2 for some i < j. On the other hand, if some F; occurs, then conclusion
(3.a) is satisfied. We show that, with a constant probability, either of £; or F; occurs for
some j <{. O

CrLam 6.3. If for some j < € neither £; nor F; hold, then E[Xj 1] > m.

Proor. We show that the conditions of part (3) of Theorem 6.1 are satisfied for the
graph G[V;] and the set AN V; the claim follows from the conclusion of part (3). First,
we upper bound ¢(AN V;), and then we upper bound g vol(AN V;). Since £; does not
hold,

J J
vol(V; N A) = vol(A) — Y "vol(P, N A) = vol(A) <1 - ZX,-) > vol(4)/2.
i=1 i=1
For a set S C Vj, let ¢gv;1(S) be the conductance of S in the induced graph G[V;].
Therefore,

8G[Vj](Aﬂ Vj) - |[E(AN Vj), Vj\A)| < d(A) < 26(4) < 26.
volgv, (AN V;) vol(A)/2 vol(A)/2
On the other hand, since F; does not hold, vol(V;) > vol(V)/2. Therefore,
B vol(ANV;) < B vol(A) <vol(V)/4 < vol(V;)/2.
Therefore, using part (3) of Theorem 6.1,
1 1

dpcv)(ANV;) =

E[Xi 1] > > .
Xinl 2 gogrelvy) = Gagim” ©
Now, let
v, {—64;2,” if€or F;
b€ otherwise.

Then, using the above claim,
: i
E Y| > —— =3/2.
[; :| ~ 6482m /
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On the other hand,

l l
¢
Y; 4+ <5/2.
; §;X+64ﬂ2ms/

Therefore, with probability at least 1/2, Z§:1 Y; > 1/2. Therefore, at least one of & or
JF, occur.

7. CONCLUDING REMARKS

It remains a fascinating open problem to prove or refute the SSE conjecture of
Raghavendra and Steurer [2010]. As we mentioned in the introduction, our Theo-
rem 1.5 indicates that the hard instances of the small set expansion problem are those
where ¢(m!~%D) ~ 1, while ¢(6m) < ¢.

One promising approach to refute this conjecture is to use the powerful Theorem 4.2.
We conjectured that if G has a set A of conductance ¢, then there is a vertex v € A
such that, with probability 1/vol(A)°, all of the sets in a sample path of the volume-
biased ESP, started from {v} and ran for 7' = Q(log(vol(A))/¢) steps, have size at most
O(vol(A)). This conjecture was recently refuted by Chan et al. [2015] for an extension
of the “noisy hypercube graph.” Nonetheless, the conjecture may still hold for graphs
with a moderate threshold rank, that is, G, where rank;_,(D~!A) is a polylogarithmic
function of n. It is easy to see that an affirmative answer of the conjecture combined with
Theorem 4.2 provides a quasi polynomial time algorithm for the small set expansion
problem.
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